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This research focuses on the modeling of surfaces decorated by grafted
polymers in order to understand their structure, energetics, and phase behav-
ior. The systems studied include flat and curved surfaces, grafted homopoly-
mers and random copolymers, and in the presence of solvent conditions, ho-
mopolymer melt conditions, and diblock copolymer melt conditions. We use
self-consistent field theory to study these systems, thereby furthering the devel-
opment of new tools especially applicable in describing curved particle systems
and systems with chemical polydispersity.
We study a polymer-grafted spherical particle interacting with a bare
particle in a good solvent as a model system for a polymer-grafted drug in-
teracting with a blood protein in vivo. We calculate the energy of interaction
between the two particles as a function of grafting density, particle sizes, and
viii
particle curvature by solving the self-consistent field equations in bispherical
coordinates. Also, we compare our results to those predicted by the Derjaguin
approximation.
We extend the previous study to describe the case of two grafted par-
ticles interacting in a polymer melt composed of chains that are chemically
the same as the grafts, especially in the regime where the particle curvature
is significant. This is expected to have ramifications for the dispersion of par-
ticles in a polymer nanocomposite. We quantify the interfacial width between
the grafted and free polymers and explore its correlation to the interactions
between the particles, and use simple scaling theories to justify our results.
In collaboration with experimentalists, we study the behavior of the
glass transition of polystyrene (PS) films on grafted PS substrates. Using the
self consistent field theory methods described above as well as a percolation
model, we rationalize the behavior of the glass transition as a function of film
thickness, chain lengths, and grafting density.
Grafting chemically heterogeneous polymers to surfaces in melt and
thin film conditions is also relevant for both particle dispersion and semicon-
ductor applications. To study such systems, we model a random copolymer
brush in a melt of homopolymer that is chemically identical to one of the
blocks. We modify the self-consistent field theory to take into account the
chemical polydispersity of random copolymer systems and use it to calculate
interfacial widths and energies as well as to make predictions about the win-
dow in which perpendicular morphologies of diblock copolymer are likely to
ix
form. We also explore the effect of the rearrangement of the chain ends on
the surface energy and use this concept to create a simple modified strong
stretching theory that qualitatively agrees with our numerical self-consistent
field theory results.
We explicitly study the system that is most relevant to semiconductor
applications - that of a diblock copolymer melt on top of a substrate modified
by a random copolymer brush. We explore the morphologies formed as a
function of film thickness, grafting density, chain length, and chain blockiness,
and make predictions about the effect of these on the neutral window, that
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6.10 (a)Difference in free energy between parallel and perpendicular ar-
rangement as a function of f for a diblock copolymer film in contact
with a neutral random copolymer brush-covered substrate, for dif-
ferent values of α. (b)-(c) Existence of perpendicular lamellae as
a function of film thickness for a diblock copolymer film in contact
with a neutral random copolymer brush-covered substrate, for (b)
α = 0.75 and (c) α = 1.5. (d) ∆F as a function of ∆γ for dif-
ferent values of α. σR2g/C = 2.45. λ = 0. Diblock composition
fdiblock = 0.5 Chain lengths and segment interactions are defined by
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6.11 ∆γ as a function of f for all the parameters we studied. Squares
correspond to points where the ∆F dictates that a perpendicular




Many emerging technologies depend on grafting polymers to surfaces in
order to tune the surfaces for applications. In this work, we advance this goal
through several studies considering the physics of polymers grafted to surfaces.
In particular, our goals are to 1) provide insight for experimentalists on how
polymer grafted systems behave as a function of the diverse parameters that
characterize these systems, and 2) develop fast and accurate modeling tools
that can be used to characterize and understand grafted polymer systems more
effectively.
1.1 Background and Motivation
Grafting polymers to surfaces is an effective way to modify them and
improve their properties. This approach is used in a variety of applications,
including drug [111, 157, 193] and nanocomposite [145] design, membranes,
thin films,[145] and semiconductors and electronic materials. [70–72, 80, 129,
130, 151, 176, 194, 203]
A common goal in grafting polymers to surfaces is to change the man-
ner by which these surfaces interact with other surfaces. This is often moti-
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vated by the presence of strong van der Waals attractions between particles
and particle surfaces, which lead to aggregation and/or segregation. [111, 157]
Grafting polymers to the particle surfaces has been shown to be an effective
approach to overcome such attractions. [111, 157, 193] For example, in drug
delivery applications, experimentalists graft polymers to drugs in order to in-
duce a repulsion between the drug and blood proteins. [111, 157, 193] This
prevents thrombosis and uptake by the mononuclear phagocytic system, out-
comes that are both catastrophic for effective delivery. [111, 157] Similarly,
in nanocomposite applications, polymers are grafted to fillers to introduce a
repulsion between the nanoparticles in order to disperse the particles in the
polymer matrix, thereby improving the properties of the composite. [145] In
membrane applications, experimentalists are currently researching a method
of preventing the attraction of biological fouling agents by using polyethylene
glycol (PEG) grafts.
A different, albeit related, goal of modifying surfaces using polymers is
to modulate the interactions between the surface and a bulk polymer matrix.
In nanoparticle applications, this goal is related to the previous one because the
attraction and repulsion of the particles is directly connected to the energetics
between the surfaces and the polymer matrix. In semiconductor applications
where the self-assembly behavior of diblock copolymers has been proposed as
a method to create small, perpendicularly aligned features, modification of the
substrate with random or diblock copolymers has been shown to be an effective






Figure 1.1: Schematics of the systems we propose to study; (a) a polymer-grafted
drug interacting with a blood protein; (b) a polymer-coated nanoparticle in a
nanocomposite; (c) a random copolymer brush interacting with a polymer melt;
(d) diblock copolymer thin films with parallel (left) and perpendicular (right) align-
ments.
72, 80, 129, 130, 151, 176, 194, 203] Thus, instead of the parallel arrangement
associated with a preference of one of the blocks for the substrate, the diblock
copolymers have been shown to align perpendicularly.
Implicit in the discussion above is the diversity of polymers that have
been used to modify surfaces, as well as the diversity of chemical milieus to
which these polymers are exposed. Polymers that have been used as mod-
ifiers include homopolymers, mixed chemically different homopolymers, di-
block copolymers, Y-shaped copolymers, random copolymers, and gradient
copolymers. These polymers have been used in contexts ranging from solvent
and melt conditions, chemically identical or different homopolymers, diblock
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copolymers, or combinations thereof. These environments each have unique
interactions with the grafted polymers.
The geometry of the systems in which polymers may be used to modify
surfaces is also diverse. In many cases, the surfaces are flat or are large enough
to be assumed as such. However, as the sizes of particles used in polymeric
systems decreases to be on the order of the size of the polymers (∼ 10 nm),
the curvature of the particles becomes significant and may lead the system to
behave differently.
The design of the next generation of specialty polymer materials will
require a detailed molecular level understanding of the way the polymers and
surfaces behave as well as details about their structure and energetics. In
modeling such systems, our goal is to provide experimentalists with this qual-
itative understanding, especially in systems where the large number of system
parameters make experimentally exploring the parameter space prohibitively
time consuming.
Modeling of grafted polymer systems has a long history that has of-
ten borrowed concepts from other areas of physics. Initially, simple scaling
theories were used to model these systems. [4, 33]These theorized that when
the chains are grafted sparsely to the surface, they are able to maximize their
configurational entropy by taking on a random walk configuration. However,
when the chains become more densely grafted, they must stretch for steric rea-
sons, leading to an extended configuration called a polymer brush. Using these
ideas, researchers found expressions for the brush height as a function of the
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grafting density and chain length. Atomistic simulations have also been used
to describe grafted polymer systems, but these simulations tend to be rather
expensive. In contrast, early researchers used field theories with analogies to
quantum and classical mechanics to describe a polymer brush and found that
it accurately predicted the correct behavior of these systems, especially in the
limit of large grafting density. A first effort in this vein used a simplifying
assumption to create a strong stretching theory to describe a polymer brush.
[147] This was later extended to a more complete numerical self-consistent field
theory. [53, 54]This theory has the advantage of being much less expensive
than atomistic simulations while it has been shown very accurately describe
the system in certain parameter regimes. Hence, the theory was used to model
polymer brushes attached to flat plates in solvent and melt conditions as well
as in a variety of chemical environments.
More recently, self-consistent field theory was used in order to assess
the effect of curvature in polymer grafted particles in a solvent as well as a
particle interacting with a grafted flat plate.[98, 99] However, work remained
to be done in the context of a polymer-grafted particle interacting with a bare
particle, the system that is relevant to the drug delivery application mentioned
above, as well as a two polymer-grafted particles interacting in a melt, relevant
to nanocomposite applications. Additionally, the use of self-consistent field
theory to describe chemically polydisperse grafted systems has received very
little attention. In this work, we seek to fill in these gaps by developing tools
that will allow them to be modeling and provide insight to experimentalists.
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We detail these endeavors, which function as chapters, below.
1.2 Outline of Dissertation
1.2.1 Interactions between polymer grafted particles and bare par-
ticles in a solvent
[205]
We use self-consistent field theory (SCFT) to study the interactions
between a polymer-grafted spherical particle and a bare spherical particle and
explore how these interaction energies depend on the radii of the two parti-
cles and the grafting density. We find that the magnitude of the interaction
energies increases with the radii of both the grafted and bare particles and
with increasing grafting density. We also find a universal scaling law for the
interaction potential which exhibits a power-law dependence on both particle
sizes, a linear dependence on grafting density, and a logarithmic dependence
on interparticle distance with a range of interaction that scales with brush
height. We compare our numerical results to those obtained using the Der-
jaguin approximation.
1.2.2 Interfacial widths and interactions of polymer grafted parti-
cles in polymer matrices
We study the interactions between polymer-grafted nanoparticles im-
mersed in a chemically identical polymer melt using a numerical implementa-
tion of polymer mean-field theory. We focus on the interpenetration width be-
tween the grafted and free chains and its relationship to the polymer-mediated
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interparticle interactions. To this end, we quantify the interpenetration width
as a function of particle curvature, grafting density and the relative molecular
weights of the grafted and free chains. We show the onset of wetting and
dewetting as a function of these quantities and explain our results through
simple scaling arguments to include the effects of curvature. Subsequently, we
show that the interparticle potentials correlate both quantitatively with the
trends displayed by the interpenetration widths.
1.2.3 Glass Transition Behavior of PS Films on Grafted PS Sub-
strates
We develop a model to justify results from experimental collaborators
probing the glass transition behavior of polystyrene (PS) films on grafted PS
layers of the same chemical identity as a function of film thickness. The exper-
imental results suggest that the Tg of PS films on brush substrates decreases
with decreasing film thickness. The thickness dependence of Tg was observed
to be more pronounced for the films on the shorter brushes with the high
grafting density. We propose a qualitative rationalization of the observations
by invoking both interfacial energy considerations as well as by adapting the
percolation model for the glass transition of polymer films.
1.2.4 Interfacial widths and energies in grafted random copolymer
brushes in a homopolymer melt
[206]
We use polymer self-consistent field theory to quantify the interfacial
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properties of random copolymer brushes (AB) in contact with a homopolymer
melt chemically identical to one of the blocks (A). We calculate the interfacial
widths and interfacial energies between the melt and the brush as a function of
the relative chain sizes, grafting densities, compositions of the random copoly-
mer in the brush, and degree of chemical incompatibility between the A and
B species. Our results indicate that the interfacial energies between the melt
and the brush increase (signifying expulsion of the free chains from the brush)
with increasing grafting density, chemical incompatibility between A and B
components, and size of the free chains relative to the grafted chains. We also
compare the interfacial energies of random copolymers of different sequence
characteristics and find that, except for the case of very blocky or protein-like
chains, blockiness of the copolymer has only little effect on interfacial proper-
ties. Our results for interfacial energies are rationalized based on the concept
of an “effective volume fraction” of the brush copolymers, feff , which quan-
tifies the chemical composition of the brush segments in the interfacial zone
between the brush and melt copolymers. Using this concept, we modify the
strong-stretching theory of brush-melt interfaces to arrive at a simple model
whose results qualitatively agree with our results from self-consistent field
theory. We discuss the ramifications of our results for the design of neutral
surfaces.
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1.2.5 Phase behavior of diblock copolymer thin films mediated by
a grafted random copolymer brush
We model a diblock copolymer thin film in contact with a random
copolymer brush using self-consistent field theory, focusing on the regime of
parameters where lamellar morphologies have been observed. We study the
morphologies formed as a function of the chemical composition of the brush,
grafting density of the brush, relative chain lengths of the grafted and free
species and the blockiness of the grafted chains. We find two novel features
of templating behavior in the brush driven by the self-assembly of the di-
block copolymer film. First, the ends of the grafted chains may rearrange
themselves to create a more favorable interface, an effect which is present in
both the parallel and perpendicular morphologies and increases for increasing
blockiness. Second, the brush may splay laterally, an effect which is present
only in the perpendicular lamellae. The latter feature leads to nontrivial free
energy differences between the parallel and perpendicular lamellae. We ex-
plicitly find the parametric window for the stability of perpendicular lamellae
and compare against the trends suggested by surface energy considerations.
Such comparisons indicate that viewing the grafted surface purely in terms of
the surface energies of the components of the diblock copolymer may leads to




Interactions between polymer-grafted particles
and bare particles for biocompatibility
applications
2.1 Introduction
Surface modification of drugs by grafting polymers is a widely used
strategy for improving biocompatibility. Proteins in the blood quickly adsorb
to foreign surfaces by Van Der Waals forces, leading either to coagulation and
thrombosis or uptake by the mononuclear phagocyte system (MPS). [111, 157]
Grafting a polymer layer unto the biomolecule introduces a repulsive force,
potentially preventing thrombosis and, if desired, allowing for the targeting of
the biomolecule to regions other than MPS organs. [193]
Many prior theoretical studies have examined the conformation and
properties of polymers grafted on surfaces of various geometries. Polymers
grafted on flat surfaces have been studied using scaling theory,[4, 33] self-
consistent field theory (SCFT),[147, 235] Monte Carlo simulations,[23, 26] and
molecular dynamics simulations.[152] The first studies used scaling theories to
obtain expressions for brush height as a function of grafting density and the
chain length, [4, 33] while later studies demonstrated a parabolic monomer den-
sity profile in the brush and also yielded expressions for the interaction energy
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as a function of distance between two polymer-grafted flat plates. [147, 235]
For many biomedical applications, the biomolecule can be envisioned
as a spherical drug, underscoring the need to understand the effects of curva-
ture on the physics of grafted polymer layers. Curvature can be symbolized
in terms of the relative size of the spherical particle and the grafted polymer
layer, Rgrafted/Hbrush, where Rgrafted is the radius of the polymer-grafted parti-
cle and Hbrush is the average height of the polymer brush. Examples from the
experimental literature pertaining to biomedical applications have reported a
range of Rgrafted/Hbrush from order 1 to 10, [73, 81, 193] confirming the need to
model the effects of curvature.
Prior modeling of curved systems has extensively considered two limits
of Rgrafted/Hbrush: Rgrafted/Hbrush  1, which is the flat plate limit discussed
above, and Rgrafted/Hbrush  1, in which the polymer-grafted particle can be
modeled as a star polymer. The latter scenario has been studied extensively
using scaling theory, [32, 227] and MC. [116] Density profiles for this case have
been shown to decay as a power law from the core of the star polymer and the
interaction energy between two stars has been shown to have a logarithmic
dependence on the interparticle distance. [32, 227]
Although for some applications the above limiting cases may apply,
it is evident from the discussion of the experimental parameters above that
situations where the characteristic lengths of the grafted particle and poly-
mer chains are comparable emerge in many applications. In this intermediate
regime, the physical features of polymers grafted on an isolated sphere or
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cylinder have been studied using SCFT,[10, 31, 224] and molecular dynamics
simulations.[153] In this context, Wijmans and Zhulina [224] used SCFT to
obtain expressions for the brush height and also monomer density profiles.
The latter exhibits a power-law dependence on the distance from the center
of the particle that becomes more prominent with increasing curvature.
For modeling the biological applications discussed above, an under-
standing of the interactions arising between a polymer-grafted sphere and a
bare sphere (representing the MPS proteins) is needed. The bare particle is
also viewed as a sphere since the polymer-grafted particles and MPS proteins
may both be comparable in size. [111, 193] In the context of interparticle in-
teractions, we note that early work by Gast and coworkers used a modified
Derjaguin approximation to estimate the energy of interaction between two di-
block copolymer-grafted spheres of equal size. [117] Later work by Roan and
Kawakatsu used SCFT in a bispherical coordinate system to explore the in-
teraction between two equally-sized polymer-grafted spheres. They reported a
repulsive force for large interparticle distances that became sharply attractive
for small interparticle distances. [174] More recently, Kim and Matsen used
SCFT with a modified numerical method to study the interaction between two
brush-coated spheres of equal size and demonstrated that the interparticle po-
tential is purely repulsive for all interparticle distances. [99] Kim and Matsen
have also explored the case of a flat polymer-grafted surface interacting with
a bare spherical particle, reporting monomer density profiles and the interac-
tion energies as a function of interparticle distance. [98] The problem of two
12
polymer-grafted spheres of equal size has also been studied using Monte Carlo
simulations and density-functional theory. [196]
In this paper, we use SCFT to further the research cited above by
exploring the interaction between a polymer-grafted spherical particle (drug)
and a bare spherical particle (protein). Explicitly, we consider situations in
which the polymer-grafted particle cannot be viewed as a flat plate, but falls
in the regime between the flat and star polymer limits. Furthermore, we
extend prior studies by considering the physically applicable scenario in which
the two spherical particles being studied are unequal in size. We explore
various parameters relevant to such situations, with particular attention to
the significance of curvature in the system.
The actual interaction between a polymer-coated drug and a blood pro-
tein consists of an attractive contribution between the particles and a repulsive
contribution resulting from the grafted chains. By modeling only the repulsive
interaction induced by the polymer chains, we seek to quantify the locus of
parameters that would be necessary to prevent a net attraction for a given
interparticle attraction. Additionally, in assuming that the protein behaves as
a hard sphere, we assume that it will remain in a globular state while inter-
acting with the brush. In reality, this assumption may not be true and could
be lifted by also modeling the physics of the protein chain.
While most of our work was motivated by the objective of discerning the
design parameters for biomedical applications, our results are expected to have
significance for synthetic polymer applications, especially those focused on
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assembling particles on curved grafted interfaces such as in spherical phases of
diblock copolymers. [167, 221] In such contexts, by quantifying the interaction
energies our results provide insights into the influence of curvature upon the
location and organization of particles in self-assembled phases.
The outline of the paper is as follows: in Section 2.2 we summarize key
details pertaining to the theory used in the paper. In Section 2.3 we present
results in the form of density profiles and energies. Finally, in Section 2.4 we
demonstrate an empirical scaling relationship for energy results and discuss
the results in light of previous work.
2.2 Theory and Numerical Methods
We use self consistent field theory for tethered polymer chains [53] to
describe an isolated polymer-grafted sphere as well as the interactions between
a polymer-grafted sphere and a bare particle. The polymer is modeled as a
Gaussian chain whose conformations are described by the continuous curve
Rα(s), where α represents different polymer chains and s is a continuous chain
index coordinate running from 0 to N , where N is the chain length. Using
this framework, in an implicit (good) solvent framework the partition function




DRα(s) exp(−βU0[Rα(s)]− βU1[Rα(s)])δ(Rα(0)− r⊥), (2.1)
where δ(r − r⊥) denotes a two-dimensional delta function enforcing the fact
that the ends of the grafted chains are located at the surface on which chains
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are grafted (denoted by r⊥). U0 corresponds to bonded interactions and in the











where b denotes the statistical segment length. U1 represents the energy that
arises from the repulsion of monomers due to the solvent-mediated excluded














where υ denotes the excluded volume parameter.
An arbitrary potential w(r) can be introduced and used to transform
the above theory into a field theory dependent on this potential. [54] The













in which n denotes the number of grafted chains, assumed in general to be
distributed non-uniformly on the surface. In eq. (2.5), length scales have been
nondimensionalized by Rg, and the potential w and the continuous chain index
s by N . With this nondimensionalization, the constant B = υN2/Rdg emerges
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as a dimensionless excluded volume parameter. Q is the partition function of
a single grafted chain in the field w(r) and is defined as
Q =
∫
drqr⊥(r, s = 1; [iw]). (2.6)
In the above equation, the field qr⊥(r, s; [iw]), called a chain propagator, pro-




= ∇2qr⊥(r, s; [iw])− w(r)qr⊥(r, s; [iw]);
qr⊥(r, s = 0; [iw]) = δ(r− r⊥). (2.7)
The thermodynamic limit of this system corresponds to allowing the num-
ber of chains and the box size to approach infinity while maintaining a finite
grafting density σ (defined as the number of chains per unit surface area of
the grafted sphere). Taking this limit allows us to use a quenched average over
the positions of the grafting sites in eq. (2.5) instead of a sum over grafting









Note that σ has been nondimensionalized by R2g.
Replacing eq. (2.4) with the value of the exponent at its saddle point
constitutes the approximation termed as self-consistent field theory (SCFT).
The saddle point field w∗(r) can be solved by taking a functional derivative of
eq. (2.8) with respect to w(r), resulting in the self consistency condition,
w∗(r) = BCφ(r). (2.9)
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where C = ρ0R
d
g/N (ρ0 = 1/a
d is the average monomer number density).
The parameter C is assumed to be unity throughout, which is equivalent to
redefining σ as σ/C and grouping BC in eq. (2.9). Similarly, all energies
we report can also be seen as normalized by C. The volume fraction φ(r)






dsqc(r, s)q(r, 1− s), (2.10)
where the fields qc(r, s) and q(r, s) are complementary chain propagators cor-
responding to the grafted and free ends of the chain, respectively. They each
satisfy eq. (2.7) with initial conditions
qc(r, s = 0) =
σδ(r− r⊥)
q(r = r⊥, s = 1)
(2.11)
and
q(r, s = 0) = 1. (2.12)
The free energy of the system can then be approximated using the value of
H[w(r)] at the saddle point as








Computation of F (N, V, T ) requires the solution of equations (2.7)
and (2.9) - (2.11) with the appropriate boundary conditions (discussed be-
low). In order to fully capture the two-sphere nature of the drug-protein sys-
tem, we solved the diffusion equation in a bispherical coordinate system using
the alternating-direction implicit method described by Roan and Kawakatsu.
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[174] We used a constant η mesh size of 0.02, a constant θ mesh size of π/100,
and a value of ∆s that allowed the solution to remain stable. A convergence
criterion of 0.0001 on mean squared difference in potential w∗(r) was used.
For the isolated sphere, the corresponding equations were solved numerically
using a Crank-Nicolson method. [1]
Typically, the conditions q = 0 and qc = 0 (Dirichlet boundary condi-
tions) are used on the surfaces of both the grafted and bare spheres to enforce
the impenetrability of the polymers into the surfaces. [174] Because the poly-
mers are unable to enter the bare sphere, we imposed the Dirichlet boundary
condition at this surface. However, on the grafted sphere, consistency with
the grafting constraint (2.11) requires that the Dirichlet boundary condition
be imposed a small ε away from the grafting surface (inside the sphere). [39]
Kim and Matsen pointed out that numerical errors arising from this feature
can lead to spurious attractive interactions in the context of numerical solu-
tions in the bispherical coordinate system. [99] To avoid such errors, we used
Neumann boundary conditions, n · ∇qc = 0 and n · ∇q = 0 at the grafted
surface. This allowed the imposition of the boundary condition at the same
location as the delta function initial condition and resulted in the purely re-
pulsive potentials that are predicted by physical arguments. We comment on













Figure 2.1: A schematic illustration of the chain compression used in (a) standard
and (b) modified Derjaguin approximations for estimating the energy between a
polymer-grafted sphere and a bare sphere.
2.2.1 Derjaguin Approximation
In this section, we derive the appropriate modified Derjaguin approxi-
mation (originally proposed by Kim and Matsen[99]) which provides an esti-
mate of the interaction energy between a polymer-grafted sphere and a bare
sphere. The notation used is defined in Figure 2.1. This approximation de-
duces the interaction energies by estimating the costs of compression of grafted
chains due to the bare particle. The standard Derjaguin approximation as-
sumes that compression is based on the perturbation of the brush height in the
direction of the axis connecting the spheres, while the modified approximation
assumes that compression is based on perturbation of the brush height in the
radial direction. The latter yields much improved results for the related case
of two brush-covered spheres of the same size. [99] We derive such a modified
approximation for our system and report the values of free energy calculated
using the standard and modified Derjaguin approximations in the main text.
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Extending the previous work by Kim and Matsen, the energy of inter-
action is estimated as




where ∆f(l(θ);Rgrafted, Rbare) = f(l;Rgrafted, Rbare) − f(Hbrush;Rgrafted, Rbare)
where f(l) denotes the energy cost of compressing one polymer chain radially.
The latter is obtained using strong stretching theory (SST) or self-consistent
field theory (SCFT). The details of obtaining f(l) with SST can be found in
Kim and Matsen’s paper. These authors provide the expression for the height













from SST. Here H0 is the height of a brush on a flat plate with the same
grafting density. To obtain H0, we note that the normal SST prediction for
brush height H0,max (corresponding to the maximum height of a parabolic
brush) is given by SST asH0,max = (24Bσ/π
2)1/3, where all variables have been
nondimensionalized as described in the theory section of the main text. When
the grafted and bare particles are both small, in order to describe the system
more realistically, we adjust the SST expression for H0,max using eq. (2.19).
Using the parabolic density profile from Milner and coworkers in this equation
suggests that H0 = (H
2
0,max/5)
1/2. For all other cases, we assume that H0 =
H0,max.
Using the law of cosines, we have
cos θ =
(l +Rgrafted)






























Figure 2.2: A comparison of volume fractions φ(r) of the grafted segment for
Neumann and Dirichlet boundary conditions at the grafted surface using SCFT for
a polymer-grafted sphere with R/Rg = 1.0 (Dirichlet) and R/Rg = 1.14 (Neumann),
σ = 3.335, and B = 100. The inset compares volume fractions to the exponent
predicted by Wijmans and Zhulina. [224]
where k = Rgrafted +D + Rbare is the center-to-center distance of the spheres.
Using the above we can transform eq. (2.14) to an integral over l as













In the limit of large Rgrafted and Rbare, the above expression reduces to the
standard Derjaguin approximation,









Some justification is necessary for the use of the Neumann boundary
condition instead of the more commonly used Dirichlet condition. Physically,
the boundary condition n · ∇q = 0 corresponds to a weak surface attraction
between the polymer segments and the surface (with a magnitude of attraction
that exactly counteracts the depletion effect typical of a Dirichlet boundary
condition at the surface). [53] While this is in fact a likely feature for many
situations involving polymers grafted on surfaces, the density profiles for poly-
mers grafted onto an isolated spherical particle can be used to compare the
differences (from a modeling viewpoint), if any, in using the Neumann verses
Dirichlet boundary conditions.
Results from the use of these two boundary conditions at the grafted
surface is demonstrated for a polymer-grafted sphere in Figure 2.2. In order to
obtain these results, the depletion layer associated with the Dirichlet bound-
ary condition is removed for the density profiles. The Neumann boundary
condition is then imposed at the point where the Dirichlet condition achieves
a maximum. In the inset, the power-law behavior predicted by Wijmans and
Zhulina is demonstrated, although the exact exponent differs slightly from
their analytical prediction. It is observed from Figure 2.2 that the use of
the Neumann boundary condition changes the density profile only minimally
relative to the Dirichlet boundary condition. As shown in the plot, brush
heights are also comparable. Moreover, below we demonstrate that the brush
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~ 0.3
~ 0.18
Figure 2.3: Average height of grafted polymer, Hbrush/Rg as a function of σR2g for
various sphere radii R/Rg; B = 100.
heights determined using the Neumann boundary condition exhibit the the-
oretical scaling laws predicted for the curvature dependence. Since the Neu-
mann boundary condition also prevents numerical errors associated with the
Dirichlet boundary condition in the bispherical coordinate system, we use the
Neumann boundary condition throughout this paper.
We first present results for the brush height on an isolated sphere of
radius R covered by a grafted polymer layer. The brush height is calculated









Though in general we use R/Hbrush to quantify curvature, in order to compare
our results for brush height with previous scaling results, we characterize the
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curvature of the system by the nondimensional variable R/Rg, where Rg is
the radius of gyration of the unperturbed polymer chain. When the radius
is large compared to Rg, the system is expected to be minimally curved and
behaves similarly to a polymer-grafted flat plate. On the other hand, when
R is small compared to Rg, the system is very curved and should resemble a
star polymer. Figure 2.3 displays the average polymer height as a function of
the grafting density for increasing values of R/Rg. When R/Rg is very small,
it is observed that the average height (nondimensionalized by Rg) changes
minimally in the small σR2g regimes, corresponding to the “mushroom” regime.
[33] The formation of a “brush” can be seen in the increasing height with
increasing σR2g, eventually leading to a regime where Hbrush/Rg ∼ σ0.18, which
is close to the value of σ0.2 predicted scaling arguments for a star polymer.[32,
227] As R/Rg is increased, the shape of the curves becomes invariant and,
above about R/Rg = 10, reaches a scaling approximately equivalent to that
predicted by Alexander[4] and de Gennes[33] for a flat brush, Hbrush/Rg ∼ σ1/3.
Figure 2.3 also displays the prediction of Hbrush from strong-stretching theory
(SST) presented in Kim and Matsen (also cited in eq. (2.15) in Section 2.2.1 of
this paper) for R/Rg = 1.0. [99] We observe that the SST predicts the SCFT
curves fairly well and improves at moderate surface coverage as should be the
case for SST. [97]
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2.3.2 Interactions between a polymer-grafted sphere and a bare
sphere
2.3.2.1 Effect of varying Rgrafted/Hbrush
We present our results for the two-sphere system by considering the
interaction between a polymer-grafted particle and a bare particle. In Figures
2.4 (a)-(b) we present 2-D segment volume fraction profiles for the polymer-
grafted particle on approach of a bare particle. As the bare particle begins
to approach the brush, we observe that the brush becomes compressed. Ad-
ditionally, as illustrated especially in Figure 2.4 (a), due to the curvature of
the grafted sphere, the brush is able to deform around the bare particle. In
both Figures 2.4 (a)-(b) the grafted particle and the bare particle are of equal
size, the dimensionless grafting density σR2g equals 0.8335, and the bare par-
ticles are approximately equally deep into the polymer layer (as measured by
D/Hbrush). However, the polymer chains grafted to the larger sphere (Figure
2.4 (b)) are seen to be more perturbed from their equilibrium conformations
than the chains grafted to the smaller sphere (Figure 2.4 (a)). This can be ra-
tionalized by noting that decreased curvature of the grafted particle (ie, larger
Rgrafted/Hbrush) prevents the chains from splaying around the bare sphere.
The above curvature effect is quantitatively shown in Figure 2.4 (c),
where the interaction energy of the system with varying interparticle distance
D is compared for different curvatures of the grafted particle. Plotting the
energy on a per chain basis quantifies the effects arising specifically from cur-
vature (by normalizing the increase in the number of chains with increasing
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radius of the brush-covered particle). As observed above, when the brush-
covered particle becomes smaller, the system becomes more curved and the
brush is able to deform around the particle. Correspondingly, the energy costs
associated with bringing the two particles together is seen to become less re-
pulsive as the particle size decreases.
2.3.2.2 Effect of varying Rbare/Rgrafted
One motivation of this work is to explore drug-protein interactions when
they are of comparable but different sizes. The relative sizes of the particles
thus becomes an important design parameter. The results of exploring the
parameter Rbare/Rgrafted are shown in Figure 2.5, where the size of the bare
particle is varied while the size of the brush-covered particle is held constant
at Rgrafted/Hbrush = 0.455 and dimensionless grafting density is fixed at 0.8335.
As the bare particle becomes larger relative to the brush-covered particle, it
is seen to increasingly compress the brush (Figure 2.5 (b)), resulting in a
stronger repulsive potential (Figure 2.5 (c)). Conversely, as the bare particle
gets smaller (Figure 2.5 (a)), it perturbs the brush much less significantly while
approaching the grafted particle, leading to weaker interaction forces (Figure
2.5 (c)).
2.3.2.3 Effect of varying σR2g
Another important design parameter in systems studied in this arti-






























































Figure 2.4: (a),(b) Contour plots of monomer volume fraction φ(r) for differing
system curvatures. In (a) Rgrafted/Hbrush = 0.251; in (b) Rgrafted/Hbrush = 0.828.
For each plot, the bare spheres are placed approximately equally deep into the brush,
D/Hbrush ≈ 0.1. (c) Energy per chain for several values of Rgrafted/Hbrush at varying
depth of the bare sphere in the brush, D/Hbrush. The two spheres are equal in size
(Rbare/Rgrafted = 1), σR
2
g = 0.8335, and B = 100.
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Figure 2.5: (a),(b) Contour plots of monomer volume fraction φ(r) for differing
values of Rbare/Rgrafted. In (a) Rbare/Rgrafted = 0.25; in (b), Rbare/Rgrafted = 4. The
bare spheres are placed equally deep into the brush, D/Hbrush = 0.09. (c) Energy
plots for several values of Rbare/Rgrafted. Grafted sphere size is held constant at
Rgrafted/Hbrush = 0.455, σR
2
g = 0.8335, and B = 100.
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Figure 2.6: (a),(b) Contour plots of monomer volume fraction φ(r) for differing
values of σR2g. In (a), σR
2
g = 0.2085; in (b), σR
2
g = 3.335. The bare spheres are
placed equally deep into the brush, D/Hbrush = 0.09. (c) Energy plots for several
values of σR2g. Rgrafted/Hbrush = 0.455, Rbare/Rgrafted = 1, and B = 100.
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and energy plots resulting from varying grafting density for conditions where
Rgrafted/Hbrush = 1 and Rbare/Rgrafted = 1. Increased crowding of the grafted
layers resulting from increasing the grafting density (Figure 2.6 (b)) increases
the excluded volume energy costs. Thus, compressing a denser brush costs
more energy. This is reflected in Figure 2.6 (c), where the interparticle inter-
actions display stronger repulsive interactions with increasing grafting density.
2.4 Discussion
While the numerical results presented in the preceding sections clarify
the parametric underpinnings of the interactions between a grafted particle
and a bare one, it is of interest to ask if we can justify the SCFT numerical
results through analytical approximations or scaling theories. In this section
we explore two such constructs, based on the Derjaguin approximation and
scaling theories.
2.4.1 Derjaguin approximation
The Derjaguin approximation is a commonly-used technique to esti-
mate the interactions in curved systems by making the assumption that lo-
cally the systems behave as if they were flat. [82, 238] In Section 2.2.1 we
detail the adaptation of this approximation based on the work by Kim and
Matsen[99] to derive an estimate of the free energy of the grafted sphere-bare
sphere system. This approach requires prior knowledge, either through SCFT
or strong-stretching theory (SST), of the free energy required to compress one
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grafted chain in a direction perpendicular to the direction in which the surface
is assumed to be flat. We choose to use the Derjaguin approximation using
results from SST. We note that the Derjaguin approximation only considers
the energy costs arising from the compression of the chains, and in effect ne-
glects the costs arising from the splaying of the chains around the particle.
The disparities between the Derjaguin approximation and SCFT are expected
to arise from the latter contribution as well as the errors inherent in the use
of SST results for curved brushes.
In order to assess the validity of the above approximation for our sys-
tem, we compare interaction energy as a function of interparticle distance
obtained from numerical solutions of SCFT with similar results obtained us-
ing both the standard version and a modification (based on the idea proposed
by Kim and Matsen[99]) of the Derjaguin approximation. The standard ap-
proximation assumes that compression of the chains is in the direction of the
axis connecting the spheres, while the modified approximation assumes that
compression is in the radial direction. Figure 2.7 shows these results for the
cases of Rgrafted/Hbrush = 0.251 and 0.828 and varying Rbare/Rgrafted. Note that
for Rgrafted/Hbrush = 0.251 and Rbare/Rgrafted = 0.5, we are only able to obtain
physical results by adjusting the SST expression for H0,max using eq. (2.19).
We discuss this further in Section 2.2.1.
For the case of small, very curved polymer-coated particles (Rgrafted/Hbrush
= 0.251, Figures 2.7 (a) and (b)) we observe that the modified Derjaguin ap-
proximation predicts the behavior of the energy reasonably well, while the
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Figure 2.7: Energy plots comparing SCFT to the standard and modified Derjaguin
approximations for several values of Rbare/Rgrafted. In (a) and (b), Rgrafted/Hbrush
= 0.251 and in (c) and (d), 0.828. σR2g = 0.8335 and B = 100.
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standard Derjaguin approximation substantially overestimates the energies.
This is because the standard approximation assumes that all the compres-
sion of chains occurs in the direction of the interparticle axis (Section 2.2.1).
However, due to the radial nature of the chains, the modified approximation
allows for chains to escape the compression of the bare particle. Hence, the
standard approximation overestimates the chain compression costs relative to
the modified approximation (and reality).
For larger polymer-grafted particles (Rgrafted/Hbrush = 0.828, Figures
2.7 (c) and (d)), it is seen that for small bare particles the standard and mod-
ified approximations behave similarly to the case of small grafted particles.
This is because (similar to the reasoning above) the modified approximation
allows for the chains to be less compressed as a function of the curvature of
the bare particle. When the polymer-grafted particles and bare particles are
large, the accuracy of the standard approximation improves at predicting the
SCFT values of interaction energies. As demonstrated in Figures 2.4 (a)-(b)
of Section 2.3, the larger grafted particle is less able to splay around the bare
particle and hence resembles a flat brush. Thus the standard approximation,
which treats compression of the chains as along the axis connecting the parti-
cles, becomes increasingly accurate. For this situation, the modified Derjaguin
approximation also provides a good estimate of the energies, which should be
the case since as the grafted particles become large, the difference between
the standard and modified approximations vanishes. We note that in Figure
2.7 (c) the slight decrease in interaction energy predicted by SCFT is due to
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numerical inaccuracy.
Our results suggest that the modified Derjaguin approximation can be
used to obtain a good estimate of interaction energy between the grafted and
bare spheres when the grafted sphere is small and when the grafted sphere
is large compared to the bare sphere. However, the standard and modified
Derjaguin approximations both predict the interaction energies qualitatively
when both spheres are large (still within the range Rbare/Rgrafted ' O(1) and
Rgrafted/Hbrush ' O(1)).
2.4.2 Scaling
A useful result would be to show that there is some scaling relationship
that could potentially collapse all energy curves for different values of design
parameters. By an empirical shifting of the curves we find that the interaction

















The regime we explored in this work is 0.5 < Rgrafted/Rg < 2, 0.25 < Rbare/Rgrafted <
4, and 0.2085 < σR2g < 3.335. The resulting universal curve is shown in Figure
2.8 and can potentially be used to obtain interaction profiles for other radii
and grafting densities not explored in this article. Additionally, the above
indicates that the range of the interaction scales as Hbrush and the potentials
exhibit a logarithmic dependence on the interparticle distance D.
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Figure 2.8: Energy plots adjusted by empirical scaling; in (a), plotted as a standard
plot and in (b) as a semi-log plot. The regime covered is 0.5 < Rgrafted/Rg < 2,




In seeking to obtain some perspective for the above scaling, we note that
earlier researches [100, 167, 226] have considered the energy of insertion into
a dry polymer brush and predicted it (in the limit that the particle does not
perturb the structure of the brush) to be proportional to the pressure field felt
within the flat brush, P (z), times the volume of the particle Vbare(∼ R3bare).
This result is expected to hold for large grafted particles, and also for the
insertion of a small particle into spherical brushes and star polymers (except
insofar as the osmotic pressure representing the appropriate expression for
a curved brush). In such a case, the energy of interaction is expected to
scale as the volume of the bare particle, R3bare. It is apparent, however, that
our theoretical results do not display this scaling with Rbare, suggesting that
the regime we have explored corresponds to a larger bare particle where the
perturbation of the brush cannot be ignored.
For larger bare particles, direct scaling approaches are not possible due
to the perturbation of the brush structure caused by the insertion of the par-
ticle. While the Derjaguin approximation incorporates the compression of the
brush, it neglects effects arising from splaying of the chains around the particle
(which, as discussed earlier, may prove important for some situations consid-
ered in the article). Indeed, a simple nondimensionalization of the Derjaguin
approximation yields a scaling dependence of σ2, indicative of the interaction
between grafted chains. In contrast, it is seen that our results correspond to a
linear scaling in σ, presumably representing the weak interchain interactions
arising due to curvature and splaying effects. Consequently, we are unable to
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provide a theoretical justification for the scaling collapse displayed by the in-
teraction energies. However, despite this limitation we believe that the scaling
law so discerned may be useful for estimating the free energy of interaction for
other systems and parameters not explored in this work.
In terms of the range of the logarithmic functional form noted for the
interaction potential, we observe that the latter agrees with the range and
functional form for interaction between two star polymers obtained by Witten
and Pincus from scaling arguments. [227] Moreover, within the Derjaguin
approximation the free energy of compression for a given brush height l scales
as 1/l for small l, leading to a free energy scaling (for small l) as ln(D).
Together, these results suggest that the logarithmic scaling may be a generic
feature expected for curved systems, which is consistent with our results.
2.5 Summary
By solving the SCFT equations in a bispherical coordinate system, we
studied the interaction between a polymer-grafted sphere and a bare sphere,
representative of a polymer-grafted drug and an MPS protein. The radii of
the polymer-grafted sphere and the bare sphere as well as grafting density
were varied. We found that the interaction energy increased upon increasing
the grafting density and bare particle size, and upon decreasing grafted par-
ticle curvature. We compared our results to those obtained with a modified
Derjaguin approximation for this system and found that it qualitatively pre-
dicts the behavior of the energies. We also found that our energy plots can be
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collapsed onto a master curve, which allows a quantitative prediction of the
interaction energies within the range of the parameters we studied.
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Chapter 3
Curvature effects upon interactions of
polymer-grafted nanoparticles in chemically
identical polymer matrices
3.1 Introduction
Dispersing nanoparticles in polymer matrices is emerging as a com-
mon strategy to enhance the mechanical, electrical, or optical properties of
the polymer material.[145] Numerous experimental studies have shown that
properties of polymer-nanoparticle mixtures are vitally dependent on the ex-
tent to which the nanoparticles are dispersed in the bulk polymer.[108, 177]
However, many combinations of polymers and nanofillers tend to be immis-
cible either due to strong Van der Waals interactions between the fillers or
due to polymer-mediated interparticle attractions. Such filler aggregation and
clustering usually has a detrimental impact upon the interfacial contact be-
tween the polymer and the filler and in turn upon the resulting properties.
Not surprisingly, finding strategies for efficient dispersion of nanoparticles in
polymer matrices remains an active area of research.
In the above context, functionalizing the fillers with a variety of anionic
or cationic oligomeric surfactants and grafted polymers [50, 65, 69, 78, 150, 175]
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has emerged as a popular approach to stabilize the nanoparticles. Such ap-
proaches strive to exploit favorable interactions between the functionalizing
group and the polymer matrix, and thereby enhance the dispersability of the
particles. Among these approaches, the model system which has attracted
the most attention from both an experimental and theoretical perspective is
one where the nanoparticle surfaces contain grafted polymers which are chem-
ically identical to the matrix polymer. In such cases there are no competing
enthalpic interactions and the interactions and dispersion characteristics arise
primarily from the entropic effects pertaining to the grafted polymer and the
matrix chains. Early research efforts to model such systems neglected the ef-
fects of curvature and approximated the system as a polymer-grafted flat plate
in contact with a melt of free chains. [7, 10, 46, 48, 67, 75, 115, 127, 132, 136, 170,
187, 225, 234]. The results of these studies suggested that for the case when
the matrix polymers are small, the free chains penetrate the grafted chains
in order to maximize their translational entropy (termed the wetting regime).
However, when the matrix chains become large enough, the translational en-
tropy benefit decreases and the cost of brush swelling increases enough that
the chains are expelled from the brush (the dewetting regime). The transition
from wetting to dewetting is accelerated with increasing grafting density due
to the accompanying increase in stretching cost of the grafted chains. By ex-
plicitly determining interparticle potentials, the dewetting situation was shown
to be correlated with a net interparticle attraction and potential segregation
of the nanoparticles from the matrix. In contrast, the wetting situation was
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shown to be correlated to a net repulsive interaction and potentially a regime
corresponding to the stable dispersion of nanoparticles.[136]
While the above studies provided valuable guidelines toward the de-
sign of polymeric functionalizers, notably missing in such studies was an ex-
plicit treatment of the particle curvature effects relevant for applications in
the nanoparticle regime. We note that curvature can be quantified by the
parameter R/Hb, where R denotes the radius of the particle and Hb the height
of the brush. Approximating the system as a flat plate as discussed above
corresponds to the regime R/Hb  1. In contrast, recent experimental studies
have focused on applications involving the regime R/Hb ' 1. Specifically, ex-
periments of Meli and Green [145] used grafted nanoparticles in which R/Hb
varied between about 0.17 and 0.57, where Hb here is approximated as the
height of a melt brush. Another experimental study using grafted nanoparti-
cles reported values of R/Hb ranging from 0.76 to 49.3, where the ratio is here
calculated from experimental values of R and Hb reported in the paper.[144]
Initial efforts to model the effects of curvature in these systems approx-
imated the grafted particles as star polymers, which corresponds to the other
limiting case of R/Hb  1.[60, 169, 188] More recently however, there have
been several theoretical studies focusing on the regime of intermediate curva-
tures. Specifically, self-consistent field theory (SCFT),[16, 74, 230] Monte Carlo
(MC) simulations,[106, 107, 196] molecular dynamics (MD) simulations,[191]
density functional theory (DFT),[46, 196] and integral equation theories [84]
have been used to study both the wetting behavior of a single grafted sphere as
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well as the interactions between two grafted spheres in a chemically identical
polymer matrix. These studies have demonstrated that increasing the cur-
vature of the grafted particle reduces the crowding of the grafted chains and
allows the free chains to more effectively wet the brush. In turn, such effects
were shown to lead to a repulsive interparticle potential with increasing cur-
vature of the grafted particles. A number of prior theoretical researches have
addressed the effects of curvature in the regime where the brush is in contact
with a solvent, which corresponds to the limit of a free polymer size equal to
one monomer. [32, 99, 227] The key finding in the good solvent regime is that
the small solvent molecule fully penetrates the brush due to translational en-
tropy, resulting in a purely repulsive interparticle potentials. The main effects
of curvature in such cases is to decrease chain stretching and the steepness of
the repulsive potentials.
While the above-mentioned theoretical works have shed light on the
effects of curvature, a comprehensive picture of the interplay of the differ-
ent parameters such as the grafting density, curvature and matrix molecular
weight (relative to the grafted chain length) is still lacking. In particular, we
further the researches mentioned above in several ways: 1) Rather than us-
ing the Derjaguin approximation to quantify interparticle potentials or using
energetic considerations from single particle results, we use a full numerical im-
plementation of SCFT to quantify the parametric dependencies. As an aside,
we note that we have found that results using the Derjaguin approximation
(to maintain brevity, we do not present these in the article) compare very
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poorly to the SCFT results; 2) We present a more complete treatment of the
effect of changing the relative sizes of the free and grafted chains, which was
not thoroughly explored by previous work that used SCFT to generate two-
particle potentials; 3) We report details about the interfacial widths and how
they correlate to with the interparticle potentials (discussed further below);
4) We seek to rationalize our results thoroughly using physical arguments and
scaling theories, and qualitatively connect them to key experimental results.
Our line of research is motivated by the scaling ideas proposed [33, 59,
113, 114] for the situation of flat grafted surfaces, which indicates that for the
situation of partial wetting and long melt chains, the width of interpenetration
between the free and the grafted chains determine the interaction potentials
between the grafted surfaces. Motivated by such considerations, we probe in
this study whether a similar quantitative correlation can be established be-
tween the brush-melt interpenetration widths and the polymer-mediated in-
terparticle potentials for curved systems. Establishing such a correlation can
be valuable since modeling the interpenetration widths is typically much sim-
pler even for curved systems and requires only consideration of single particle
characteristics. Additionally, recent scattering experiments and viscometry
measurements have demonstrated the ability to study the structure of the
grafted layers in order to deduce the extent of wetting and dewetting with
varying free chain length.[25, 144] A connection between such data and the
interparticle potentials could provide an efficient way to explore the locus of
parameters in which dispersion is likely to occur. Additionally, we expect
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that a more accurate prediction of the interparticle potentials combined with
knowledge of interparticle attractions such as Van der Waals forces will allow
for a more accurate treatment of many-body problems such as the anisotropic
self-assembly of polymer-grafted particles.[2, 168, 198]
To accomplish the above-mentioned goals, we model the free and grafted
particle chains using self-consistent field theory (SCFT). The theoretical method-
ology we use is similar to that used in our previous work to address the in-
teraction between polymer grafted particles and bare particles in a good sol-
vent,[205] except that for our present system we eschew using the energetic
contribution associated with excluded volume interactions and merely assume
that the only relevant energetic contributions are a Gaussian stretching elas-
tic energy of the polymer components. Moreover, we assume that the system
of grafted chains together with the free melt chains is overall incompressible
with a constant density. The resulting mean-field equations are very similar
to those derived and elaborated in Ferreira and our previous work.[48, 205]
To account for the curved geometry of the two-sphere system, we solve the
appropriate SCFT equations in bispherical coordinates. We exploit the corre-
spondence between the (symmetric) two-sphere system in a polymer melt and
that of a single sphere system interacting with a reflecting surface through a
polymer melt. To maintain brevity of this brief article, we forgo elaborating
the governing equations and instead refer the interested reader to the original
articles. In Appendix 3.2, we provide a brief compendium of the numerical
details.
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The parameters we study are the ratio of the lengths of the free chains
(Nf ) and the grafted chains (Ng), α = Nf/Ng, and the curvature of the system,
quantified by R/Rg, where Rg is the unperturbed radius of gyration of the
brush polymer. We also study the effect of varying the grafted density σ̄/C,
where σ̄ is number of chains per unit area, normalized by R2g; C = ρ0R
2
g/Ng
is a dimensionless monomer density, where ρ0 = 1/a
3 and a is the length of a
statistical segment.
This article is organized as follows: in the Section 3.3.1 we present re-
sults for the interpenetration of the matrix chains into the grafted polymer.
In Section 3.3.2 we present results for two sphere matrix-mediated interpar-
ticle potentials. Lastly, in Section 3.4, we make qualitative comments on the
relationship between our results and experimental considerations.
3.2 Numerical details
Here we comment on a few differences between our theoretical construc-
tion and that found in a closely related previous works.[205] We use a partition
function very similar to that used in our previous work,[205] except that the
excluded volume term is replaced with a delta function which enforces the
incompressibility of the system, similar to that used by Ferreira, et al.[48] The
diffusion equation and initial conditions on chain propagators are identical to
our previous work, except that the diffusion equation is modified by a field
enforcing the incompressibility constraint.
We solved the resulting self-consistent field equations with the appro-
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priate boundary conditions. For reasons discussed by Matsen,[136] we used
a reflecting wall as one of the boundaries of our system, which dictates that
we impose Neumann boundary conditions at this surface. For numerical rea-
sons discussed further in our previous work,[205] instead of using the common
Dirichlet boundary conditions on the surface of the grafted sphere, we also
used a Neumann boundary condition on this surface. In order to fully capture
the unique geometry of a grafted particle and a reflecting wall, we solved the
diffusion equation in a bispherical coordinate system using the alternating-
direction implicit method described by Roan and Kawakatsu.[174] We used an
η mesh size of 0.02 - 0.03, a θ mesh size of π/100, and an s mesh size of 0.0004.
The mean-field equations were iterated 5000 times for R/Rg = 2 and 15000
times for R/Rg = 1. This resulted in a mean-squared error in potential of at
most 0.004. For the isolated sphere, the corresponding equations were solved
numerically using a Crank-Nicholson method.[1]
3.3 Results
3.3.1 Interpenetration Widths
We begin by presenting results for the interpenetration between the
free polymers and the grafted chains for the case of a single grafted sphere
immersed in a polymer melt chemically indistinguishable from the grafted
chains. In Figure 3.1 we show density profiles of the grafted and free chains
for R/Rg = 1.0 and R/Rg = 50.0, representing the limits of high and low
curvature. As the system becomes more curved, the stretching cost of the
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Figure 3.1: Density of grafted polymer-free polymer interface as a function of radial
distance away from the sphere surface, r/Rg, for spheres of size R/Rg = 1.0 and
R/Rg = 50.0. σ̄/C = 14.70 and α = 1.0. In the inset, the profile for R/Rg = 50.0
is shifted to allow for comparison of the interpenetration widths.





























Figure 3.2: Width of the grafted polymer-free polymer interface as a function of α
for various values of R/Rg; σ̄/C = 14.70.
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grafted chains associated with the penetration of the free chains is reduced
and, as a consequence, it is seen that the free chains are more freely able to
penetrate into the brush.
To quantify the degree of interpenetration between the brush and free





where φg(r) is the volume fraction of the grafted segments and φ
′
g(r) is the
derivative of this volume fraction profile. Also, r1/2 is the radius at which
the density of the brush is half of its surface value. The above definition
of wb/h embodies a similar physical significance as the “adsorption-length”
used for modeling adsorption of polymers to surfaces.[33, 199–201] However,
a small drawback of the above definition is the fact wb/h can in principle be
greater than height of the brush itself. Since the latter is unphysical, in the
discussion of the scaling results and in establishing the correspondence between
wb/h and the interparticle potentials we omit such results corresponding to
complete penetration. However, when we report raw values of wb/h, we allow
points in this regime to remain, since they still serve to quantify the degree of
penetration of the free chains into the brush in the wetting regime.
In Figure 3.2 we display the quantity wb/h (normalized by the respective
brush height) as a function of α for different R/Rg and fixed grafting density.
We observe that the interpenetration width decreases with increasing α and



















Figure 3.3: The critical α ≡ αc for the criterion wb/h/Hb = 1 displayed as a function
of R/Rg for σ̄/C = 9.8 and 14.7.
interpenetration of free chains is facilitated by the gain in their translational
entropy. Since this entropy gain scales as N−1f ≡ α−1, smaller free chains
exhibit large interpenetration widths, whereas the interpenetration widths be-
come insensitive to α at large α. More interesting are the effects of curvature
which can be noted in the Figure 3.2. We observe that wb/h decreases with
increasing particle size R/Rg, indicating that as the system becomes more
curved, the degree of interpenetration between the melt and the brush chains
becomes enhanced for a given α. These results are in accord with the prevail-
ing notion that curvature effects tend to enhance the propensity for wetting
(i.e. increase the interpenetration between the free and the grafted chains).
In many experimental applications,[144, 145] it is common to design
systems based on a critical molecular weight which delineates the transition
between “complete wetting” and “partial wetting.” While demarcating a tran-
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sition between such states involves a degree of arbitrariness in assigning the
state of wetting and dewetting,[136] based on the results like those of Figure
3.2 one may crudely assign a critical α for this transition as the one where
wb/h/Hb = 1. Shown in Fig. 3.3 are the results for the curvature dependence
of the critical molecular weights for two different grafting densities σ (in some
cases, we had to extrapolate the wb/h to determine αc). The scaling of these
curves for these intermediate range of curvatures is R1.25 for σ̄/C = 9.8 and
R1.5 for σ̄/C = 14.7. We see that as the curvature decreases, αc decreases,
which supports earlier results which indicate that the wetting-dewetting tran-
sition occurs at smaller α as the chains are increasingly expelled from the brush
with decreasing curvature. Additionally, the fact that the exponent is larger
for larger grafting density is due to the fact that for larger grafting density the
chains are more likely to be expelled from the brush, in effect compounding
the effect of decreasing curvature.
While the above results pertain to the effects of varying α, results
presented in Figure 3.4 depict the interplay of grafting densities and curvature
upon wb/h/Hb. We note that for flat surfaces, scaling laws predict that wb/h ∼
σ−1/3,[16] and since Hb scales as σ for the melt brush case (representative of the
situation when the interpenetration width is small compared to the height of
the brush),[16] the ratio wb/h/Hb is expected to scale as σ
−4/3. From the results
displayed in Figure 3.4, it is indeed seen that wb/h/Hb depends explicitly on the
grafting density for large particles and scales with an exponent of 1.35 which



































Figure 3.4: Width of the grafted polymer-free polymer interface as a function of
σ̄/C for various values of R/Rg; α = 1.0. Scaling exponents are given adjacent to
each curve.
particles it is seen that wb/h/Hb becomes relatively insensitive to the grafting
density, an effect which manifests in the much smaller scaling exponents for
wb/h as a function of σ at different curvatures.
We observe that the above grafting density dependencies bear signifi-
cant ramifications for the design of functionalizers for nanoparticles. Indeed,
it is generally believed that the grafting density of the functionalizers will play
a critical role in the transition to the dewetting regime (due to the scaling
of wb/h verses σ for flat plates) and the resulting interparticle attraction and
stability of the particle suspension.[145] In contrast, the above results suggest
that for curved systems this dependency is much less sensitive, and may there-
fore experimentally facilitate a much wider range of grafting densities (than
that expected from considerations of grafted surfaces) before the dewetting
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and aggregation effects become manifest.
While the above results were obtained based on numerical SCFT cal-
culations, it would be of interest to probe if the behavior in Figs. 3.2 - 3.4
can be rationalized based on some simple scaling ideas. Toward this objective,
we propose a simple scaling argument which validates our results obtained for
the case of partial interpenetration (i.e. wb/h/Hb < 1), and for the regime of
larger α values in which the wb/h becomes independent of α. This argument
draws upon the original scaling proposal for the interpenetration widths for
flat surfaces in the limit of long free melt chains.[113] In such contexts, the
interpenetration widths can be estimated based on the energy cost σw2b/h for
stretching the end of the brush by an amount wb/h and the entropic gain w
−1
b/h
arising from the variations in the density of the melt chains. Balancing these
terms yields a scaling of wb/h ∼ σ−1/3 for the flat plate situation. To modify
this idea for curved systems, one may crudely renormalize the grafting den-
sity present in the elastic energy cost by an “effective” grafting density at the





Using the above grafting density, one would expect the width of the interface



















The above scaling behavior is expected to hold for the regime when the width of
the interface is smaller than the height of the brush (partial interpenetration).
Equation (3.4) is validated in Fig 3.5 in which it is seen that the results for
wb/h/w
flat
b/h does indeed collapse into a universal curve with an exponent close
to the prediction.
The above arguments now provide a physical understanding of the cur-
vature effects upon the interpenetration widths. Specifically, for Hb/R  1,
we enter the flat plate regime, wherein wb/h/Hb scales as σ
−2/3. In contrast,
for the other extreme, Hb/R  1, the above arguments suggest a scaling of
the form
wb/h ∼ σ−1/3(Hb/R)2/3. (3.5)
Using the result for the brush Hb ∼ σ1/3R2/3 derived for star polymers (ap-
propriate for the limit Hb/R 1 and when the brush height is not perturbed
significantly due to the interpenetration),[7] we obtain
wb/h/Hb ∼ σ−4/9. (3.6)
which is close to the exponents deduced for the case of small particles in Figure
3.4.
In summary, we used our numerical results for interpenetration widths
to show the onset of dewetting with increasing α, σ̄/C, and R/Rg. Using scal-
ing arguments, we justified these trends as well as the curvature dependence of
the wb/h - σ̄/C plots. These arguments allowed us to collapse our data onto a
single curve that showed scaling approximately the same as that predicted by
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/C = 19.6, α = 1.0
~ 0.61
Figure 3.5: Width of the grafted polymer-free polymer interface divided by width
of the flat plate interface as a function of 1 +Hb/R for various values of σ̄/C and α.
our scaling theory. The main outcome of this section is the emergence of the
concept of an “effective grafting density” as a means to quantify the curvature
effects upon the interpenetration widths.
3.3.2 Interparticle Potentials
In this section, we present the interparticle potentials to examine their
correspondence to the curvature, α and σ dependencies of the interpenetration
widths wb/h. We first show in Figure 3.6 the interaction potentials for the case
when α is varied. We see explicitly here that as α increases, an attraction
emerges in the interparticle potential. We also note that for larger α values, the
potential appears to be less sensitive to α, a result consistent with the behavior
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flat plate, α = 0.1
flat plate, α = 4.0
Figure 3.6: Interaction potential between polymer-grafted spheres (per unit area)
as a function of the interparticle distance D (normalized by brush height). The
parameters R/Rg = 2 and σ̄/C = 19.60.




















Figure 3.7: Interaction potential between polymer-grafted spheres (per unit area)
as a function of the interparticle distance D (normalized by brush height). The
parameters α = 2.0 and σ̄/C = 19.60.
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exhibited by the interpenetration widths wb/h (cf. Fig. 3.2). These results
render explicit the connection between the partial interpenetration observed
for a grafted sphere with increasing α and the occurrence of attraction in the
interparticle interactions.
The results for the limiting case of flat grafted surfaces is also presented
in Figure 3.6 for two values of α. It is seen that the location of the repulsion
is smaller for the curved geometries, while the width of the attractive well is
larger. This behavior results from the fact that the chains can splay laterally
in a curved system whereas in a flat system they cannot; this results in a
greater degree of “softness” in the curved particles. We show explicitly the
effect of changing the curvature in Figure 3.7. As the particle size increases,
the interparticle potential becomes increasingly attractive. This is seen to
correlate with the decrease in interpenetration width (increased dewetting)
with decreasing curvature shown in Figures 3.2 and 3.4.
We present the interparticle potentials for varying σ̄/C in Figure 3.8.
For the (reasonably large) values of σ̄/C that we chose to explore, the po-
tentials in the limiting case of a flat plate are composed of an attractive well
combined with a strongly repulsive potential, whereas for the curved system
we again see that the potential has an attractive well and a soft repulsion.
However, for both the flat plate and the curved system, it is seen that the
attractive well gets deeper with increasing σ̄/C, albeit this depth being much
larger for the flat plate compared to the curved system at constant σ̄/C. In
Figure 3.4 we demonstrated that the interpenetration width decreases with
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Figure 3.8: Interaction potential between polymer-grafted spheres (per unit area)
as a function of the interparticle distance D (normalized by brush height). The
parameters α = 2.0, and in (a), R/Rg = 2.0 and in (b), R/Rg = 1.0.
grafting density, consistent with the free chains being expelled from the brush.
Here we show explicitly the correspondence of this behavior and an increas-
ingly attractive interparticle potential. Moreover, in Figure 3.8 (b) we also see
that for smaller R/Rg, the potentials are less dependent on grafting density.
This again is consistent with trends exhibited by the interpenetration widths.
Our interparticle potentials show a decrease in attraction with decreas-
ing α, σ̄/C, and R/Rg. Since these trends qualitatively correspond to the
ones noted in the context of the interpenetration width wb/h, it is of inter-
est to probe if the interaction potentials are quantitatively correlated to the
widths wb/h/Rg. In Figure 3.9(a) we examine the validity of this hypothe-
sis by displaying the potentials (normalized by σ to account for the different
numbers of chains on the particles) for the different wb/h/Rg. It is indeed seen
that the potentials generally become more attractive for decreasing wb/h/Rg,
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Figure 3.9: (a) Potentials from the previous plots (for R/Rg = 2.0) as a function
of wb/h/Rg; (b) Well depth per chain as a function of interpenetration width in
the dewetting regime. In the legend, we use w to represent wb/h due to space
considerations.
which points to a strong quantitative correlation between the interpenetration
between the brush and the free chains from the melt, and the increased attrac-
tion between the two particles. A more stringent verification of this correlation
is displayed in Figure 3.9(b), where we plot well depth per unit chain against
interpenetration width for the regime of partial interpenetration. We see that
the well depth and interpenetration width show a correlation that appeals to
the relationship between wetting and dewetting of the melt and interparticle
attraction or repulsion.
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3.4 Experimental Implications and Outlook
In summary, we have explored the wetting and dewetting of a single
sphere immersed in a chemically identical homopolymer melt as well as the
interparticle potential of two spheres immersed in a melt. Our results suggest
a quantitative correlation between the depth of attraction in the polymer-
mediated interactions and the interpenetration width between the melt and
the brush chains. Moreover, in the nanoparticle regime our results suggest
that for a reasonably wide choice of parameters, the effective grafting density
defined in Eq. (3.2) serves to quantify the interpenetration widths. Using these
insights, we can identify some general design considerations for the effective use
of polymeric functionalizers in dispersing nanoparticle systems. We summarize
these below:
1. Explicitly, it is seen that grafting density is much less of a significant
parameter in causing attractive interactions in nanoparticle systems (relative
to the flat plate case). Indeed, by the scaling arguments proposed (and con-
firmed by numerical results), the interpenetration widths vary as σ−1.33 in
the large particle case, whereas, they vary only ∼ σ−0.4 for the nanoparticle
regimes.
2. Since the effective grafting density scales as (R + Hb)
−2, a possi-
ble strategy to compatibilize nanoparticles (i.e. increase the interpenetration
widths) is to functionalize them with long tethers and increase Hb instead.
This result accords with the conclusions of a recent simulation study by Smith
and Bedrov[191] and provides a physical basis for their results.
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3. Finally, we also saw that the “wetting-dewetting” transitions arising
with increasing α (or the melt molecular weights) is shifted to much larger α
for nanoparticle systems (cf. Fig. 3.3). This suggests that wetting-dewetting
transitions arising from the disparities in the molecular weights of the grafted
and free chains are much less of a concern in nanoparticle systems.
We also note that our results for the wetting and dewetting of the free
chains on the brush are also consistent with the experimental results discussed
in the introduction. For instance, the results from Bansal et al.[12] use mi-
croscopy to show a tendency for dewetting to occur with increasing free chain
length (increasing α), which is consistent with the results for the interpen-
etration widths. The results from Meli et al.[145] show a tendency toward
dispersion with decreasing free chain length (decreasing α), increasing brush
chain length (decreasing α), and decreasing R/Rg, which is reflected in our re-
sults which show a tendency toward dewetting with similar parameter changes.
Also, our interparticle potentials show that curved grafted particles are able
to be compressed more deeply than flat grafted particles. This is related to
results reported by McEwan et al.[144] which show that for a purely repulsive
interparticle potential, the more curved particles behave as “softer” particles
compared to larger, less curved particles. We also note that the grafting den-
sities we have used are on the same order of magnitude as those used by
key experiments. For example, Meli et al report grafting densities (adjusted
to our dimensionless parameters) ranging from about 4 to about 28, values
which compare reasonably with the those we use, which range from about 5
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to about 20.
Possible extensions to the results discussed in this paper include the
study of a brush-coated particle interacting with a chemically different melt.
While the interaction between chemically different polymers is usually unfa-
vorable, one could envision a case in which a negative Flory χ parameter exists
between the polymers, resulting in a more favorable net particle-polymer in-
teraction.[16, 96] Additionally, the tools we have developed could be extended
to model the case of a random copolymer brush, which would allow for the
tuning of the interfacial energy between the brush and the melt.[129]
61
Chapter 4
Glass Transition Behavior of PS Films on
Grafted PS Substrates
4.1 Introduction
The glass transition temperature is one of the key parameters determin-
ing the mechanical properties of polymers for different applications. Indeed,
at the glass transition (with increasing temperature), the storage modulus (or
melt viscosity) drops remarkably by a factor of thousands, while the volume
and enthalpy begin to discernibly increase. [192] Not surprisingly, many prior
studies have investigated a variety of phenomena and properties near the glass
transition temperature of different polymeric materials.
More recently, research efforts have directed their efforts toward the im-
pact of confinement, and specifically, the role of interfacial interactions upon
the glass transition behavior of polymer materials.[52, 93, 94, 142, 204, 209, 211]
Several experimental techniques have been used to probe this transition due
to the changes in the volume and physical properties, including ellipsome-
try,[14, 35, 68, 87, 92, 102–104, 189] X-ray and neutron reflectometry,[15, 56, 91,
149, 156, 163, 213, 228] atomic force microscopy,[88, 89, 179] Brillouin light scat-
tering,[51, 52] positron annihilation lifetime spectroscopy,[6, 35, 229] and fluo-
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rescence spectroscopy.[47, 105, 165]
Keddie et al. pioneered these researches where they observed a film
thickness dependence of glass transition temperature (Tg) for polystyrene (PS)
films on hydrogen-passivated Si wafers.3 Compared to the Tg (∼ 100◦C) of
the bulk material, a noticeable decrease in Tg was found as the film thickness
(≤ 100nm) was reduced. A similar but more significant decrease in Tg for
freestanding PS films was observed by Forrest et al,[52, 142] and Torkelson et
al.[47, 105, 165] They suggested potentially two different mechanisms, arising
from either the polymer chain confinement or a finite size effect depending
on the characteristic molecular length scale. More insights into the influence
of interfacial interactions were provided by the experiments of van Zanten et
al., who observed an increase in Tg for poly(2-vinylpyridine) (P2VP) films on
native oxide substrate of Si wafer with decreasing film thickness.[211] They
attributed these trends to the fact that the substrate interactions are favor-
able with the polar P2VP. Furthermore, Keddie et al. demonstrated both
an increase and decrease in Tg (with changing film thicknesses) can result for
the same material by controlling the substrate interactions.[94] Explicitly, thin
films of poly(methyl methacrylate) (PMMA) on a gold substrate that is unfa-
vorable with PMMA displayed a decrease in Tg with decreasing film thickness,
whereas for the films on native oxide substrate of Si wafer that is favorable
with PMMA, they showed an increase in Tg with decreasing film thickness.
Many theoretical studies and computer simulations have also addressed
the role of interfacial interactions upon the glass transition temperatures of
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polymer films [56, 204, 207] and have been discussed in a number of review
articles.[3, 13] Pertinent to the present study are the results by Torres et al.
which indicated an increase or decrease in Tg (compared to the glass tran-
sition of the bulk) in ultrathin films strongly dependent on the strength of
the interfacial interactions between the substrates and the polymer chains.
[204, 207] With decreasing film thickness, their results showed an increase in
Tg for polymer films with the stronger surface energies, while a decrease in Tg
was seen for polymer films with the weaker surface energy and for freestanding
films. These results yet again have confirmed the importance of the interfacial
interactions between the polymer chains and the substrate in influencing the
confinement-induced glass transition behavior.
Grafting polymers to surfaces is commonly used as a means to tune
the surface interactions with surrounding polymer matrices. Free polymer
chains in contact with the grafted (or brush) polymer layer can show ei-
ther wetting or dewetting (or segregation) behavior depending on the ratio
of molecular weights of the matrix component to grafted polymer chains and
the grafting densities of the brush component. [49, 61, 77, 95, 119–122, 125,
126, 135, 136, 170–172, 187, 212, 233] For polymer chains on the brushes of the
same chemical identity, this behavior (termed autophobic dewetting) can be
attributed to the entropic effects of the matrix polymer and the grafted poly-
mer chains.[61, 77, 95, 119, 120, 125, 126, 135, 136, 170–172, 187, 212, 233] More
recently, other researchers from our group have investigated the dewetting
behavior of a polymer matrix of different chemical identity on the brush sub-
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strates. Specifically, we studied the dewetting behavior of PMMA melts on
grafted PS layers as a function of brush thickness (or grafting density),[96] and
found, in agreement with theoretical calculations, that the behavior of this
pair of chemically distinct melts was qualitatively similar to that expected for
autophobic dewetting behavior.
In this study, we probe the inter-relationship between the interfacial
interactions arising from grafted polymer layers and the Tg behavior of thin
polymer films. This effort is motivated by two objectives: because grafting
polymers is a common approach for dispersing particulate fillers in polymer
matrices, it is of interest to know the manner in which the interfacial Tg prop-
erties of the polymer melt (i.e., the properties of the polymers matrix near
grafted surface) differ from the bulk regions of the matrix. A second objective
of this study is to probe whether interfacial energy considerations that have
been used to explain the Tg behavior of thin polymer films near substrates can
equally well be extended to rationalize the Tg behavior of thin polymer films
on brush substrates.
We note that, in an earlier work by Tsui et al., a grafted random
copolymer approach to surface modification was used to study the Tg behavior
of PS films. In their study, the interfacial interactions on the substrate were
controlled by the composition of random copolymers of styrene (S) and methyl
methacrylate (MMA).[209] They presented intriguing results which are yet to
be satisfactorily rationalized in terms of the interfacial energies. As another
study pertinent to our work, Tate et al. considered the Tg of grafted PS
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polymers and noted a significant elevation in the Tg of brushes (relative to the
bulk polymers) whose magnitude increased with increasing confinement.[202]
Our work presented in this article deals with conceptually more straight-
forward case of a polymer melt of the same chemical identity as that of the
brush. With this model system, we investigate the glass transition behav-
ior of PS films on a brush layer of the same chemical identity as a function
of film thickness, where the brush thickness and grafting density of under-
lying PS layers are adjusted by the molecular weight of hydroxyl-terminated
polystyrene (PSOH) that anchored onto the native oxide substrate of Si wafer.
It was found that for the PS films the Tg decreases with decreasing film thick-
ness of the polymer melt. Interestingly, the decrease in Tg turns out to be
more significant for the films on the shorter brushes with higher grafting den-
sity. We provide a rationalization of the results by using mean-field theory
to compute the melt-brush interfacial energy for the experimental parameters
probed. Such considerations are also used in a percolation model for the glass
transition to explain the observed thickness dependence.
4.2 Experimental Results
Figure 4.1 shows the characteristic brush thickness and grafting density
(σ) for grafted PS layers as a function of the number-average molecular weight
(Mn) of PSOH, as presented in Table 4.2. Grafting density of underlying PS
layers was evaluated by σ(chains/nm2) = ρd0NA/Mn, where F and NA de-
note the mass density of PS (1.05 g/mol) and Avogadros number, and the
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Table 1. Characteristics of PSOHs for the Surface Modification and
PS in This Study








PSOH-04 3700 1.08 1.666 0.688 4.0
PSOH-10 10000 1.05 2.739 0.554 8.8
PSOH-20 19500 1.05 3.824 0.379 11.7
PSOH-38 38000 1.09 5.339 0.210 12.6
PS (100K) 100000 1.02 8.660
aRadius of gyration calculated by assuming linear PS chains. bGrafting
density of underlying PS layers was evaluated by σ= Fd0NA/Mn, where F
and NA denote the mass density of PS (1.05 g/mol) and the Avogadro’s
number, and two variable parameters such as d0 and Mn indicate brush
thickness and the number-average molecular weight of PSOH, respec-
tively.
parameters d0 and Mn represent the brush thickness and the number-average
molecular weight of PSOH, respectively. It can be seen that the low molecular
weight PSOH-04 (3700 g/mol) has a brush thickness of 4.0 nm, at which PS
chains are grafted densely at the substrate (0.688chains/nm2). With increas-
ing molecular weight of PSOH, the brush thickness is measured to increase to
12.6 nm for PSOH-38 (38000 g/mol), while the grafting density decreases to
0.210chains/nm2, the latter decrease is likely due to the low concentrations
of the end-hydroxyl group and the slow diffusion of high molecular weight
PSOH-38.
Figure 4.2 summarizes the experimental results for Tg of the PS films
on the various grafted PS layers as a function of film thickness. For a fixed
grafted PS layer (or PSOH), a decrease in Tg of PS films is seen with decreasing
film thickness. However, the variations with thickness are seen to be more
significant for films on the shorter brushes with the higher grafting densities.
Indeed, the confinement effects upon the Tg are seen to follow the sequence in
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Figure 4.1: Brush thickness and the (calculated grafting density (σ for grafted PS
layers as a function of the number-average molecular weight of PSOH.
this experiment: PSOH−04 > PSOH−10 > PSOH−20 > PSOH−38. The
Tgs of thick PS films like 140 nm are constant (103
◦C) and close to that (102◦C)
of the bulk regardless of the brush thickness (or grafting density of underlying
PS layers). In the next section, we provide a qualitative rationalization of the
experimental observations.
4.3 Summary of Modeling Methods.
In this section, we discuss the methods we used to model the glass
transition and interfacial properties in the context of a homopolymer melt
in contact with a homopolymer brush. Our values of wb/m and γb/m were
obtained using the same tools as those reported for homopolymer melts on
homopolymer brushes in the previous chapter.
68
Figure 4.2: Tg as a function of film thickness for PS films on the various grafted
PS layers (or PSOHs).
We discuss in more detail the implementation of the percolation model
used to generate the results of Figure 4.4(b). Because much of the details are
identical to those expounded in earlier publications,[109, 123, 166] we eschew
repeating them here and instead refer the interested reader to the original
references. Briefly, the percolation approach ascribes glass transition to a per-
colation of slow, immobile domains in the system. In a computational frame-
work, this is accomplished by considering the site percolation transition on a
lattice of the slow domains. The probability for occurrence of a slow domain is
representative of the material characteristics and the temperature. The prob-
ability (temperature) at which there is a site percolation transition is ascribed
as the glass transition temperature. Confined freely suspended films (repelling
surfaces) are represented in this framework by considering the influence of
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bounding surfaces that possess lower probabilities for forming slow domains
(representing the surface induced enhancement in polymer mobilities). In such
cases, the percolation of slow domains (in the direction parallel to the film) is
expected to occur at a higher probability, representing a confinement-induced
lowering of the Tg. Such a model was used by Long and Lequex [123] to
explain the long-range nature of confinement-induced Tg effects (albeit, see
Lipson and Milner [118] for some caveats regarding the quantitative nature of
such effects).
In this work, we adapted the above model while incorporating interfa-
cial zones near one of the confining surfaces (modeling the brush substrate).
The other substrate was modeled similar to the case of freely suspended film.
These interfacial zones were to be characterized by a length scale parameter ∆
representing the thickness (in lattice units) of the interfacial zone. In addition,
the skin zone was characterized by a parameter δ representing the (dynamical)
strength of the interfacial interactions. Explicitly, the probability of forming a
slow domain in the interfacial zones was assumed to be enhanced (relative to
the bulk) by a factor 1+δ. When this framework was used, the site percolation
probability pc(h) for a two-dimensional lattice was determined as a function of
the confinement thickness (in lattice units) h and the interfacial zone thickness
∆ (as mentioned in the text, we chose to retain δ fixed at δ = 0.1 in all the re-
sults). While the so-determined pc(h) can be related to the actual Tg pending
knowledge of some phenomenological material parameters, [123] such an effort
is unnecessary for the purely illustrative spirit in which we have used the per-
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colation model. Whence, we ascribe pc(h =∞)− pc(h) = Tg(h)− Tg(h =∞)
up to an arbitrary prefactor. These results are displayed in Figure 4.4b.
4.4 Discussion
We note that there is still a lack of complete understanding of the ori-
gins of the Tg behavior of thin polymer films. A number of (not necessarily
mutually exclusive) candidate explanations have been proposed, including ef-
fects such as density and/or free volume perturbations[56, 143] arising from
interfacial interactions, polymer mobility perturbations resulting from con-
finement and/or interfacial interactions,[13, 34] confinement-induced changes
in the energy landscape, and so on.[207] Below, we draw upon these earlier
advances and propose two speculative hypotheses for rationalizing the experi-
mental observations.
Our first hypothesis relies on considerations of interfacial energies. De-
spite the lack of consensus on the mechanistic underpinnings of Tg of thin films,
it is generally accepted that on surfaces with which the polymer exhibits fa-
vorable interactions, the Tg of thin films tends to be enhanced with respect
to bulk and increases further with confinement.[3, 13, 56, 204] In contrast, for
situations where the polymer is repelled by the substrate, the Tg of thin films
tends to be lowered with respect to the bulk and decreases upon confinement.
Keeping in mind that in the present study grafted PS layers screen the inter-
actions from the native oxide layer of Si substrate, the mechanism responsible
for the decrease in Tg with decreasing film thickness for the PS films is likely
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Figure 4.3: Brush-melt interfacial tension γ (normalized by β = (kBT )−1, number
of segments in the polymer melt Nm, the molecular volume of segments ρ0, and the
radius of gyration of the melt polymers Rmg as a function of molecular weight of
grafted PS brushes (or PSOHs) considered in this study.
distinct from that arising due to the unfavorable interactions between the poly-
mer and the bare substrate. Instead, the interfacial interactions between the
polymer matrix and the brush is likely responsible for the experimental results
in this study.
To verify the above hypothesis, we characterize the polymer brush-
matrix (or melt) interfacial interactions by an effective interfacial tension pa-
rameter γb−m (the term effective is used to emphasize that the interfacial ten-
sion is not between two bulk phases). Prior researchers have used scaling theo-
ries,[48] strong segregation approximation,[96, 181] and polymer self-consistent
field theories[125, 136] (SCFT) to quantify γb−m between a polymer brush and
melt of the same chemical identity. Explicitly, γb−m has been computed as a
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function of the ratios of the molecular weights of the brush to matrix poly-
mers and grafting densities of the brush. Such calculations have been used
to shed light on the wetting-dewetting transitions of the matrix polymer. In
the present work, we adapted the SCFT calculation methodology proposed
by Matsen and Gardiner [136] to calculate the interfacial tension γb−m for
the experimental parameters. Because the accompanying theory and calcula-
tion procedures are very similar to that detailed in the article by Matsen and
Gardiner, we eschew repeating the details here. Shown in Figure 4.3 are the
so-calculated γb−m for the four different polymer brushes considered in this
study. The cases PSOH-04, PSOH-10, and PSOH-20 correspond to the dewet-
ting situation, while PSOH-38 corresponds to a partially wetting situation (in
this case the interfacial tension was obtained based on the free energy per unit
area difference between an infinitely thick film and the coexisting polymer film
of finite thickness).[136] It is evident that the interfacial tensions follow the
sequence γb−m(PSOH − 04) > γb−m(PSOH − 10) > γb−m(PSOH − 20) >
γb−m(PSOH − 38). This result can be explained physically in terms of the
lower stretching free energy incurred by longer brush chains to accommodate
the interpenetration with the matrix chains. Because a larger interfacial ten-
sion correlates to stronger unfavorable interaction, the preceding results qual-
itatively rationalize the trends seen in the experimental observations in Figure
4.2.
An alternative, albeit more tentative, quantitative explanation for the
shape of the curves in the experimental observations can be proposed based
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on dynamical considerations relating to the interpenetration between the poly-
mer melt and the brush. To provide a physical picture of this hypothesis, we
note that in the extreme situation of very high grafting densities and small
molecular weights of the brush polymers, the melt chains have very little in-
terpenetration with the brush chains. In such a case, the brush surface may
be viewed as a hard repelling surface, and the matrix polymer mobilities near
the brush surface may be expected to be enhanced relative to the bulk unper-
turbed state. Upon increasing molecular weights of the brush polymer, there
is a thickening of the interpenetration zone between the matrix and the brush
polymer. This result is quantitatively demonstrated in Figure 4.4(a), which
displays the interpenetration widths deduced from the SCFT volume frac-
tion profiles for the melt and brush chains for the experimental parameters.
The enhanced penetration between the matrix polymer and the brush is ex-
pected to increase the friction on the matrix chains and lead to a retardation
of the dynamics of the matrix chains near the brush-melt interface relative
to the case of no or little interpenetration. In an earlier work, a quantita-
tive demonstration of such retardation effects was provided in the context of
melt dynamics of block copolymer compatibilizers at polymer blend interfaces.
[154, 155, 159] The results of the preceding work suggested that the length scale
over which the retardation of dynamics persists correlates with the extent of
brush-melt interpenetration, whereas the strength of such retardation effects
were shown to correlate with the grafting density of the brush (expressed in
units of squared radius of gyration of the brush chains, also shown in Figure
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4.2(a)). An alternative physical picture that leads to a similar hypothesis is
suggested by the experimental results of Tate et al.[202] in which the authors
demonstrate a significantly elevated Tg for a film of grafted polymers. The
latter results also indicate that the melt polymers in the interpenetration zone
are in an environment of significantly reduced mobilities. Below, we adapt a
simple phenomenological model for glass transition to demonstrate the manner
in which such dynamical retardation effects can rationalize the experimental
results.
To provide a schematic illustration of the impact of the above effects
on the Tg of thin polymer films, a static percolation model of glass transition
was adapted,[123] which was previously used to model phenomena in thin
films and polymer nanocomposites. [123, 159] Such percolation models are
based on the hypothesis that glass transition in materials occur as a result of
the percolation of slow, immobile domains through the system. In a recent
work,[123] Long and Lequex used such an idea in conjunction with bounding
surfaces that accelerate and decelerate the dynamics to successfully explain the
thickness dependence and the long-range nature of Tg changes in thin polymer
films. While more recent work has cast doubts on whether such percolation
models can suffice quantitatively to explain the phenomena,[118] nevertheless,
we use it here for an illustration of the manner in which the above discussed
effects can lead to trends which qualitatively mirror the experiments. For this
purpose,we follow our recent work [123, 159] and incorporate the above surface
interaction effects in such percolation models by including a skin of influence
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Figure 4.4: (a) Brush-melt interpenetration thickness wb−m (normalized by Rmg )
and the grafting densities (expressed in units (RBg )
2) as a function of molecular
weight of grafted PS brushes (or PSOHs) considered in this study, and (b) Perco-
lation model results for ∆Tg (defined as Tg(h)− Tg(h =∞), expressed in arbitrary
units) as a function of film thickness (expressed in lattice units) for different skin
thicknesses denoted by ∆.
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around the surface in consideration. Physically, such a skin represents the zone
over which the polymer (matrix) dynamics is affected by the surface. Such a
skin is characterized by two parameters, namely, the strength of influence
and its thicknesses. Based on our discussion in the preceding paragraph, it
is evident that in transitioning from shorter brushes to longer brushes, both
these parameters are enhanced. However, in the purely schematic spirit of this
discussion, we just consider the influence of increasing the zone of influence of
the substrate while keeping its strength a constant (allowing the strength of
interaction to vary would only serve to enhance the effects reported below).
Section 4.3 presents more details on the manner in which the percolation model
is implemented, while the outcome of such analysis is depicted in the results
displayed in Figure 4.4(b). It is seen that the dynamical retardation effects
tend to enhance the Tg relative to the unperturbed case. Such effects are seen
to become more pronounced as the thickness (of the polymer film) is reduced
and approach the bulk Tg for large thicknesses. More importantly, larger
skin zones of influence are seen to lead to more significant effects. Taken in
conjunction with the results presented in Figure 4.4(a) (which quantifies the
skin thickness as a function of the brush molecular weights), the result of
Figure 4.4(b) rationalizes the experimental result of Figure 4.2 and provides a
qualitative picture which is strikingly similar to the trends noted therein.
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4.5 Summary
In summary, in this work we presented experimental results of the Tg
of polymer films on grafted substrates of the same chemical identity. Our
objective was to shed light on the influence of the different physical parameters
upon the overall confinement-dependent Tg of polymer films. These results
indicated that the Tg of the polymer films on such substrates were lowered
relative to the bulk.More interestingly, the confinement effects were seen to
become diminished with increasing molecular weight (and brush thickness)
of grafted PS layers. These trends were rationalized by invoking two possible
explanations. The first explanation relied on the interfacial free energies at the
interface of brush and melt and its variations with increasing brush thickness
of grafted PS layers. The second explanation relied on the dynamical effects
which may arise in the overlap zone between the brush and melt polymers.
It is likely that the experimental trends are a result of a combination of the
preceding effects. Our results suggest that brush substrates may serve as a
facile means to tune the confinement effects upon Tg (and aging) of polymer
films. Indeed, a variety of physicochemical interactions can be achieved by
changing the grafting densities, molecular weights and the chemical identities
of the brush polymers. [170] In addition to the practical importance, such
studies may provide valuable insights which may allow one to sort through the
different mechanisms speculated to be responsible for the confinement effects
on the glass transition of polymer films.
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Chapter 5
Interfacial properties of statistical copolymer
brushes in contact with homopolymer melts
5.1 Introduction
An ability to tune the interfacial energies between incompatible poly-
mers and between polymers and surfaces is extremely important in applica-
tions which strive to enhance the properties of polymer materials. For exam-
ple, in the context of polymer blends, reducing the interfacial energy between
the two components is crucial for achieving mixing and better adhesion be-
tween immiscible components. [112] As another example, design of polymer
nanocomposite materials is often confronted with tuning the interfacial ener-
gies between particle fillers and the matrices to facilitate the dispersion of the
particles. [65, 145, 150, 198, 201] Also, grafted polymers are used to introduce
a repulsion between nanoparticles in drug delivery and nanocomposite appli-
cations. [193] In other contexts, diblock copolymer lithography applications
commonly require surfaces that have comparable energy of interaction with
the two blocks. Such “neutral” surfaces have been shown to give rise to per-
pendicularly oriented patterns of block copolymers which are especially useful
for electronic materials applications. [79, 80, 130, 164, 190, 197]
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A popular means of modification of interfacial properties involves graft-
ing polymers on surfaces or using compatibilizers for polymer-polymer inter-
faces to mediate the interfacial energies. In particular, the use of copolymers is
a widely used method for tuning the interfacial energy between two surfaces.
A key variable in such approaches is the chemical sequence in the copoly-
mer. The simplest of such polymers is a diblock copolymer, whereas polymers
with other sequence distributions, such as random copolymers and gradient
copolymers, have also been extensively explored. More recently, researches
have also synthesized protein-like chains with tunable sequence distributions
for applications as compatibilizers.[124, 182, 195]
Experimental researches have extensively studied the effect of sequence
distribution on the efficacies of statistical copolymers as compatibilizers be-
tween incompatible solvents and blends, and in applications as interfacial
modifiers for surfaces and particles. Results from experiments in the con-
text of incompatible homopolymers have shown that long random copolymers
have superior capability to strengthen interfaces compared to their diblock
copolymer counterparts. [21, 24, 30, 185] Such experiments have also shown
the critical role of the loops formed by the compatibilizers to achieve effec-
tive compatibilization.[30] There have also been experiments exploring the use
of random copolymers to aid the design of neutral surfaces. Such an ap-
proach was demonstrated by Mansky and coworkers, who used contact angle
measurements to show that the interfacial energies between melt and grafted
surfaces become favorable to the melt when the composition of the grafted
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random copolymer layer on the substrate becomes chemically more similar to
that of the melt. [129] Later studies also showed the successful achievement
of perpendicular morphologies of block copolymers by using such approaches.
[70, 72, 80, 130, 197] Recent studies have also shown promising results using
diblock cooligomers as surface modifiers to achieve perpendicular morpholo-
gies.[85]
The above experimental studies have also motivated a number of the-
oretical studies, especially in the context of the use of random copolymers as
compatibilizers. To study such systems, researchers employed methods such as
scaling and analytical theories, [58, 148, 232] Flory theory, [8, 9, 148] molecular
dynamics (MD) simulations, [232] Monte Carlo (MC) simulations, [29, 64, 90]
and numerical solutions of mean-field equations. [62, 112] These studies fo-
cused on characteristic loop lengths, interfacial widths, excess adsorption of
interfacial chains, and interfacial energies to quantify the compatibilizing ef-
fectiveness of the copolymers. Some of the above studies have also considered
the effect of the compatibilizers as a function of the “blockiness” of the chains,
where the limits are such that the least blocky chains are alternating copoly-
mers, while the most blocky are diblock copolymers. The results of such theo-
retical studies have shown that the behavior of the copolymer compatibilizers
is driven by an interplay between the stretching entropy cost of the chains
being confined at the interface and the energetic cost of chains being exposed
to a chemically different milieu. [232] This results in an optimum blockiness
that achieves maximum contact between the favorable components while opti-
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mizing the entropy to form loops. A recent study also examined the efficacy of
protein-like copolymers as compatibilizers and suggest that protein-like chains
outperform random copolymers and alternating copolymers as interfacial com-
patibilizers, especially at lower temperatures. [128]
Theories have also been developed for grafted polymer systems such
as grafted diblock copolymers, Y-shaped copolymers, spheres grafted with
copolymers, and brushes comprised of two species of homopolymer chains.
Methods used to study these systems have included self-consistent field the-
ory, [49, 139] analytical theories, [40, 131, 237] and Monte Carlo simulations.
[19, 110, 180] Grafted statistical copolymers have also been studied, albeit not
as extensively compared to the studies on their compatibilization efficiency.
Pickett used scaling theories and SCFT to study the chain-end exclusion zone
in a gradient copolymer melt brush [160] and Gersappe and coworkers studied
a random copolymer brush in a solvent selective for one block using MC and
SCFT. [63] The latter authors demonstrated a tendency for incompatible seg-
ments to segregate away from the solvent due to the distribution in sequence
composition, an effect that was more pronounced for increasing blockiness.
In this article, we present results from a theoretical study of the inter-
facial properties of grafted statistical copolymers. Specifically, we propose to
quantify the interfacial energies between grafted surfaces in contact with a ho-
mopolymer melt and explore the sensitivity of such interfacial properties upon
various physicochemical parameters of the system. This work is motivated by
the following objectives: (i) Recent work [96] has demonstrated that the in-
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terfacial energies between a grafted surface and an incompatible homopolymer
melt can, in some instances, be comparable or even less than the energies be-
tween a grafted surface and a chemically identical homopolymer. Since such
interfacial energies and the resulting polymer-mediated interactions are key
to the use of grafted polymers as compatibilizers for surfaces and particulate
fillers,[57, 198, 201] the preceding finding may open up the possibility of a wider
range of chemistries for grafted polymers. In this study, we wish to explore this
topic further by studying the interfacial properties of alternate chemistries of
grafted polymers; (ii) A second motivation for the following study arises from
the use of grafted statistical copolymers to design neutral surfaces capable of
inducing perpendicular alignment of block copolymer lamellae and cylinders.
In this regard, a pertinent question is the relationship between the chemical
sequence of the grafted copolymer and its ability to achieve interfacial prop-
erties in the “neutral” window where such block copolymer morphologies can
be achieved; (iii) In a previous work of ours,[96] we developed a simple strong
stretching theory model for predicting the interfacial energies in chemically
distinct brush-melt interfaces. We wish to extend and explore the accuracy of
such a model for prediction of the interfacial energies between a melt and a
statistical copolymer brush.
In pursuit of the above objectives, we use self-consistent field theory
(SCFT) and a strong stretching theory-based model to explore the manner in
which the interfacial widths and interfacial energies between a homopolymer
melt and the grafted layer of statistical copolymer changes as a function of
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the volume fraction of one of the species in the grafted chains (f), the inter-
action between the two blocks (quantified in this work by the Flory-Huggins
interaction parameter χ), the ratio of the number of segments in the free (Nf )
and grafted (Ng) chains, denoted α = Nf/Ng, and the grafting density σ for
different sequence distributions. The rest of the paper is organized as follows:
In Section 5.2 we present key details of our theoretical model and numerical
methods; in Section 5.3 we show the results of varying different system param-
eters; lastly, in Section 5.4 we discuss selected ramifications of our results for
experimental considerations. In Appendix 5.2.2 we provide a brief discussion
of the computational procedure used to generate the protein-like chains is also
provided.
5.2 Theory and Numerical Methods
5.2.1 Self-consistent field theory
We use self consistent field theory for tethered polymer chains [53] to
determine the structure of a grafted layer of statistical copolymers composed
of segments denoted A and B which interacts with a melt of A homopoly-
mers. While previous articles have already detailed the theoretical framework
appropriate for similar situations,[136, 137] for the sake of completeness we
present the pertinent equations and details of the accompanying numerical
method. The polymers are modeled as Gaussian chains whose conformations
are described by continuous functions Ri(s) and Rj(s), where i denotes the
free chains and takes on values from 1 to nf (the number of free chains), and
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j denotes the grafted chains and runs from 1 to ng (the number of grafted
chains). The variable s is a continuous chain index coordinate running from
0 to Nf for the free chains, where Nf denotes the chain length of free chains,
and running from 0 to Ng for the grafted chains, where Ng denotes the number
of segments in the grafted chains. For simplicity, we assume that the segmen-
tal densities of all the segments are identical and denote it as ρ0. Using this









−βU1[Ri(s),Rj(s)])δ(ρ̂A + ρ̂B − ρ0), (5.1)
where ρ̂A and ρ̂B denote the microscopic densities of A and B chains, respec-
tively. Also, ρ̂A = ρ̂A,g+ ρ̂A,f , where ρ̂A,g and ρ̂A,f are the microscopic densities
of component A arising from the grafted and free chains, respectively. On the
other hand, all the B segments are on grafted chains, hence ρ̂B = ρ̂B,g. The
delta function in eq. (5.1) enforces the incompressibility of the overall system
by requiring that the sum of the A and B species densities, ρ̂A and ρ̂B, equals
the average melt system density ρ0. In eq. (5.1), U0 corresponds to the bonded












where b denotes the statistical segment length. U1 describes the non-bonded
interactions, in particular the energetic repulsion between chemically dissimilar
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with the Flory parameter χ quantifying the energetic penalty associated with
the contact of chemically dissimilar segments.
The functional eq. ((5.1)) can be transformed by using functional inte-
gral methods into a field theory in which the fundamental degrees of freedom





Dw− exp(−βH[w+(r), w−(r)]). (5.4)













lnQf [−iw+ − w−]
− σ̄
C
lnQg[−iw+ − w−,−iw+ + w−]. (5.5)
In eq. ((5.5)), length scales have been nondimensionalized by the unperturbed
radius of gyration, Rg = N
1/2
g b/61/2, of the grafted chains. This results in a
nondimensionalization of the grafting density σ (defined as chains per area)
to σ̄ = σR2g. The potentials w+ and w− and the continuous chain index
s have been rescaled by Ng. With this nondimensionalization, the constant
C = ρ0R
d
g/Ng and α = Nf/Ng emerge as dimensionless parameters. Also,
the equation is expressed on a per unit area basis, reflecting the assumption
that the key behavior of the system can be captured by modeling it in one
dimension. However, we do note that this does not take into account the
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possibility that the segments of the random copolymer may segregate laterally,
a phenomenon that could potentially be captured by modeling the system in
two or more dimensions. Given the total system volume V and the cross
sectional area A of the film (all dimensionless), we define the volume of the
homopolymer melt Vh by the relationship V/A = Vh/A+ σ̄/C.
In ((5.5)) Qg is the partition function of a single grafted chain in the
fields w+(r) and w−(r), and is defined as
Qg(r⊥; [ψ]) =
∫
drqr⊥(r, s; [ψ]). (5.6)
In the above equation, the field qr⊥(r, s; [ψ]), referred to as the chain prop-
agator, provides a statistical description of grafted chain conformations and
satisfies a diffusion-like equation[54]
∂qr⊥
∂s
= ∇2qr⊥ − ψ(r, s; θ(s))qr⊥ ; qr⊥(r, s = 0) = δ(r− r⊥). (5.7)
The initial condition in eq (5.7) is the result of the fact that one end of the chain
is grafted to the surface, denoted by r⊥. In the above equation, the potential
ψ(r, s) is the potential field acting on the different monomers and is based on
the statistical distribution of the monomers. In this work, we use a “quenched”
representation of the randomness in the chains. Explicitly, this invokes the
modeling of a collection of chains whose sequences match the statistics of the
prescribed random copolymer. Subequently, the conformational weights of the
polymers are calculated for each of such chains (which have different sequences)
and then averaged over the different chains to obtain the segmental volume
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fractions fields at a given location. If we use the a random variable θ(s) that
takes on a value of 1 for an A monomer and 0 for a B monomer to quantify
the sequence distribution within a specified polymer, then the potential field
acting on the segments of that polymer is given by
ψ(r, s; θ(s)) =
{
−iw+(r)− w−(r), if θ(s) = 1
−iw+(r) + w−(r), if θ(s) = 0
. (5.8)
In eq. (5.5) Qf is the partition function of a single free chain in the field
w(r) and is defined as
Qf =
∫
drqf (r, s = α). (5.9)
The field qf (r, s) also satisfies a diffusion equation,
∂qf (r, s)
∂s
= ∇2qf (r, s)− [−iw+(r)− w−(r)]qf (r, s); qf (r, s = 0) = 1. (5.10)
The potential field in the above equation arises as a consequence of the fact
that the free chains are assumed to be A chains. The volume fraction profile
of the melt chains, composed of species A only, is defined as φA,f = ρA,f/ρ0,






dsqf (r, s)qf (r, 1− s). (5.11)
The single chain partition function of the grafted chains, Qg, can be rewritten
using a factorization property as [53]
Qg(r⊥) =
∫
drqr⊥(r, s)qg(r, 1− s), (5.12)
where qg(r, s) is a complementary chain propagator that satisfies eq. (5.7) with
an initial condition of qg(r, s = 0) = 1. A further complementary propagator
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which can be shown to satisfy eq. (5.7) with, however, an initial condition
qgc(r, s = 0) =
σ̄δ(r− r⊥)
qg(r = r⊥, s = 1)
. (5.14)
The volume fraction profiles of species A and B in the brush, φA,g(r) and φB(r)













ds(1− θ(s))qgc(r, s)qg(r, 1− s)., (5.16)
where the summation indicates the quenched averaging over the sequence dis-
tribution of monomers.
Replacing eq. (5.4) with the value of the exponent at its saddle point
constitutes the approximation termed as self-consistent field theory (SCFT).
The saddle point fields, w∗+ and w
∗
−, found by setting the functional derivative
of eq. (5.5) with respect to w+(r) and w−(r) to be zero, correspond to the
solutions of the equations
1− φA(r)− φB(r) = 0 (5.17)
and
φA − φB − (2/χN)w∗− = 0. (5.18)
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The free energy of the system can then be approximated using the value of
H[w∗+(r), w
∗






















Computation of F requires the solution of equations (5.7) - (5.12)
and (5.14) - (5.18) with the appropriate boundary conditions. As discussed in
previous theoretical studies in the context of thin films, [136] we use a reflecting
wall boundary condition at the top of the film, which describes the assumed
neutral interaction between the melt and air at this interface and enforces that
the melt takes on its bulk density value up to the surface. This dictates that
we impose Neumann boundary conditions, n · ∇qf = n · ∇qg = n · ∇qgc = 0
at this surface. For numerical reasons discussed in our previous work, [205]
instead of using the Dirichlet boundary conditions on the grafted surface, we
use a Neumann boundary condition on this surface.
The saddle point fields w+(r) and w−(r) are determined using a Picard
iterative scheme of the form
w∗+(r)new = w
∗




−(r)old + ε−[φA − φB − (2/χN)w−]. (5.21)
where ε+ and ε− are relaxation parameters whose values were chosen to be
between 0 and 1. Additionally, the average value of w+ is enforced to be
zero at every iteration. Because we assumed invariance along the surface of
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the substrate, we numerically solved the diffusion equation in the dimension
perpendicular to the wall using the Crank-Nicholson method. [1] We used a
constant spatial mesh size of 0.04 and a discretization of the contour size of
0.0004. The mean field equations were iterated to a mean-squared error in w+
of less than 3.5× 10−4 and an error in w− of less than 1.5× 10−6.
Mimicking the experimental conditions involving statistical copolymers
requires us to generate an ensemble of chains whose overall composition of
species A is represented by the parameter f but with a distribution of se-
quences reflecting the statistical nature of their sequences. For this purpose,
we use the construction of Fredrickson et al. [55] to generate our copolymers.
A parameter Pjk is defined as the conditional probability that a segment of
type j at an arbitrary location in the chain is immediately followed by a seg-
ment of type k, where j, k = A or B. Because the only options that exist
are A or B segments, by construction PAB = 1 − PAA and PBA = 1 − PBB.
Also, to ensure that the average volume fraction of the segments is f , we have
f = PAAf + PBA(1 − f). Given these equalities, it can be shown that the
resulting statistical distribution of sequences on the chains can be described
by the parameter λ = PAA + PBB − 1 and that PAA = f(1 − λ) + λ and
PBB = f(λ − 1) + 1. The parameter λ quantifies the tendency of a new seg-
ment to remain chemically equivalent to the previous one. Specifically, λ = 0
corresponds to the purely random case, λ = −1 corresponds to an alternating
copolymer, and λ = 1 corresponds to a homopolymer with chemical identity
determined by the probability associated with the first segment in the chain.
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To implement this strategy, we generate an ensemble of chains based on the
above procedure and average the results over them to account for the statistical
nature of sequences in the polymers.
Since the numerical discretization “∆s” is distinct from the physical
size of a segment in the chain, we also specify the number of segments in
the chain and generate “segments” composed of the appropriate number of
s points. In Appendix 5.2.2 an explanation of the explicit procedure used
to generate the protein-like chains is also provided. The SCFT calculations
are then performed on all ng of these chains and the results averaged at each
iteration. For each parameter set, we did two runs on 500 chains composed of
100 segments and averaged the results. Given that ∆s = 0.0004 and 0 < s < 1,
this means that each segment is composed of 25 s points.
To quantify the interfacial energy between the bulk film and the brush,
we use an approach similar to that expounded in Matsen. [136] Explicitly,
the free energy of the system F (d) is calculated as a function of the total film
thickness d (which includes both free and grafted chains). Subsequently, the
interfacial energy between the bulk film and the brush is obtained as [136]
γb/h =
F (∞)− F (dmin)
A
(5.22)
where dmin is the thickness for which F (d) is a minimum and A is the area of
the substrate.
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5.2.2 Generating Protein-like Chains
To generate protein-like chains, we used the bond fluctuation model
proposed by Carmesin and Kremer.[22, 38] We use this construction under the
assumption that the 27 sites near each site are excluded as neighbors, while all
the 54 next nearest neighbors interact with an attraction of −1kT regardless of
the exact site to site distance. We initiate our simulations with an unperturbed
Gaussian chain configuration (with no attraction) and turn on the above at-
tractive interactions to allow the coil to reach a collapsed globular state. Once
this is done, the monomers are sorted in order of increasing distance from the
center of mass and the closest monomers are “colored” as dissimilar from the
homopolymer melt until the appropriate value of f is achieved in the chain.
This procedure is repeated for each new chain to ensure statistical indepen-
dence of the chains. We do note that the sequence generated by the procedure
and the quantitative values of the resulting interfacial energies depend on the
strengths of the monomer-monomer attractive interactions. This is similar to
the temperature dependence of the sequences synthesized in experiments.
5.2.3 Strong-stretching theory
In the following sections we present the SCFT results for the interfa-
cial widths between the brush and the homopolymer melt and the interfacial
energy, γb/h. In rationalizing the trends seen, it is also of interest to explore
whether the results for interfacial width and interfacial energy can be explained
using scaling ideas or simpler theories. Towards this objective we develop such
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a theory based on ideas from strong-stretching theory (SST) models used for
polymer brushes. [96, 137, 181] Such theories have played an important role
in the development of a fundamental understanding of interfacial properties
of polymer brushes. The key assumption of such theories is that the chains
are strongly stretched and therefore the partition function can be estimated
by the statistics of the single polymer path that minimizes the energy. [133]
In the situation where the brush and melt are chemically identical (termed
“autophobic dewetting” due to the expulsion of free chains from the brush
by purely entropic forces), several numerical studies have indicated that the
qualitative behavior of density profiles, free energies, and other key quantities
predicted by SCFT are in most cases well-captured by strong segregation the-
ory. [133, 134, 136, 137] A shortcoming of SST is that its assumptions are valid
only at grafting densities typically larger than those found in experiments. In
a recent study, Matsen has pointed out that such limitations lead to significant
quantitative discrepancies between the predictions of SCFT and SST in the
case of autophobic dewetting (f = 1). [133]
We use an extension of the SST from the autophobic case [136, 181]
developed in our earlier work. We first recall the main elements of this model
for the case of a melt-brush interface between chemically distinct homopoly-
mers whose enthalpic interactions are denoted as χ. In this model, the free





















where φb(z) is used to denote the volume fraction profile of the brush monomer
species. Here all variables are nondimensionalized in the same manner as de-
tailed in the preceding section. In eq. (5.23), the first term corresponds to the
stretching energy of the grafted chains, whereas the second term represents
the configurational entropy costs due to the interface between the grafted and
free polymers. The third term above quantifies the translational entropy of the
homopolymer chains and the fourth term corresponds to the enthalpic inter-
actions between unlike segments. We note that the quantitative discrepancies
between SST and SCFT have been shown to be associated with the inability
of the second term to accurately represent the actual configurational entropy
as calculated from SCFT. [134]
For partial interpenetrations between the brush and melt, φb(z) was











where, as in the case of the SCFT, σ̄/C represents the volume per unit area
of the brush, which is equivalent to the unperturbed brush height. Using this





























































Figure 5.1: Enrichment of segments in the brush for different f (σR2g/C = 4.9, α =
1, and χN = 10); b) different χN (f = 0.5, σR2g/C = 4.9, and α = 1).
where the subscript min indicates that the right-hand side was evaluated at
the value of wb/h which minimizes γb/h.
To extend the above theory to describe the interface between a statisti-
cal copolymer brush and melt, we postulate that the grafted chains rearrange
their ends to allow for the ends of the chains which are enriched in A to be
in contact with the melt chains. We hypothesize that such rearrangements
would take advantage of the favorable interaction between similar segments
while resulting in little entropic cost. This hypothesis is corroborated by a
plot of φA,g(z)/(1− f)− φB(z)/f as a function of the distance from the graft-
ing surface obtained using the exact results of SCFT. This quantity tracks the
enrichment (relative to the average composition), if any, existing in the A and
B segments. Explicitly, a positive value would correspond to enrichment of
96
A chains and a negative value to the enrichment of B chains. In Figure 5.1,
we show such plots for different f and χN . We note the increasingly large
positive peak near z/Hbrush = 1 in the structure as the grafted and free chains
become more dissimilar (decreasing f) and as the interaction between differ-
ent segments increases (increasing χN). This points to a rearrangement of the
grafted chain ends in order to ensure that the ends with the most A segments
are in contact with the melt.
Our modification to the SST theory of equations of (5.23) and (5.25)
involves replacing the Flory parameter χ in eq. (5.23) by a parameter χeff
which captures the fact that the segments in the interfacial region are enriched
in the A component. To maintain simplicity, we approximate the brush as a





L2 − z20), if 0 < z0 < σ̄C




The above corresponds to the free end distribution of a homopolymer melt
brush and we use it under the assumption that the free end distributions are
unchanged due to i) interpenetration and ii) enthalpic interactions with the
melt chains. We then estimate the fraction of chains whose ends are within





We also estimate the fraction of segments κ that reach the interface as the






Given a set of ng randomly generated chains with size Ng segments each, the
number of segments of the brush that reside in the interfacial region wb/h is
assumed to be κ(wb/h)Ng. Using this value, we find the fraction of A segments
in the part of each chain that resides in the interface. We then select the
nmax(wb/h) = µ(wb/h)ng chain ends that are richest in A segments and assume
that they will be the chains whose ends reside in the interface. We average
the composition fi of these nmax chain ends to find their average composition,
feff (wb/h). Assuming these chains are the ones that exist in the interface,
we then define χeff = (1 − feff )χ to be used in equation (5.25). Because
the method is fast, we obtain better statistics by using duplicate trials with
n = 10000 chains generated by the scheme described above. Subsequently, a
Newton method is used to obtain the value of wb/h which a minimizes eq. (5.25).
We note that equation (5.25) is only valid for the case when the minimum en-
ergy occurs at the dry brush height d0 as a function of film thickness. Because
of this, when f is varied we do not report results for f > 0.7 and when α is
varied we do not report results for α < 1 since in these cases the minimum
energy occurs at a thickness d0.
In Figure 5.2 we compare the SCFT and SST predictions for the ef-
fective volume fraction of A segments in the interface, feff , as a function
of interfacial width for varying grafting densities. While the enrichment is
predicted in both cases, we note that the SST captures this effect only quali-
tatively and that it substantially overestimates this feff . Since overestimating
feff corresponds to underestimating χeff , this has the possibility of causing
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Figure 5.2: Effective volume fraction of A segments in the interface feff as a
function of wb/h calculated from SCFT (left) and SST (right) for different values of
σR2g/C. Overall volume fraction of A segments in the brush is f = 0.5. Parameters
α = 1, and χN = 10.
the magnitude of the energetic term in eq. (5.25) to be underestimated, es-
pecially with increasing grafting density. However, considering the qualitative
match in the trends noted, we still use the proposed extension of the SST to
test its ability to predict the interfacial widths and energies.
5.3 Results
5.3.1 Brush-Melt Interfacial Width
We first present results which explore the effect of different parameters
in the system upon the interfacial width between the melt and brush. The
latter is a measure of the interpenetration of the free chains into the brush
and is expected to be inversely correlated to the interfacial energy between
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Figure 5.3: Interfacial widths from SCFT (solid) and SST (dashed) as a function
of the key parameters. Unless otherwise stated, chains are purely random (λ = 0);
a) Varying f , χN = 10.0, α = 1.0, and σR2g/C = 4.90; b) Varying χN , f = 10.0,
α = 1.0, and σR2g/C = 4.90; c) Varying α, f = 10.0, χN = 10.0, and σR
2
g/C = 4.90;
d) Varying σR2g/C, f = 10.0, χN = 10.0, and α = 1.0.
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where φg(z) is the volume fraction of the grafted segments as a function of
the distance z from the substrate and φ′g(z1/2) is the derivative of this volume
fraction profile evaluated at the location z1/2, corresponding to the distance
at which the volume fraction of the brush is half its value at the surface.
The interfacial width and its trends allow us to glean physical insights into
the results for interfacial energies presented subsequently. Additionally, the
interfacial width is often used as a measure of the quality of the interface in
the context of interfacial compatibilization applications of random copolymers
and thus this quantity serves as a useful starting point for a discussion of our
results. We note that unless otherwise stated, the following discussions pertain
to purely random chains (λ = 0).
Figure 5.3(a) shows the effects of varying the overall volume fraction of
A segments in the grafted chains (denoted f) upon the interfacial widths, wb/h.
At small f , the grafted chains are predominantly composed of B monomers
which are chemically incompatible with the melt, resulting in small interfacial
widths. However, with increasing f , the grafted and melt chains become in-
creasingly similar and the chains are more able to penetrate into the brush.
The limiting case of f = 1 corresponds to the autophobic situation where all
species in the system are chemically similar and the melt chains have no en-
ergetic driving force to be expelled from the melt and thus the free chains
maximally penetrate into the brush.
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In Figure 5.3(b), we present results depicting the effects of changing
χN on the interfacial widths. As χN increases, the unlike monomers have
an increasingly repulsive interaction. Therefore the free chains are expected
to be increasingly expelled from the brush, which rationalizes the decrease in
the interfacial width. In Figure 5.3(c) we show the effect of varying α, which
denotes the relative sizes of the free and grafted chains. As the free chain size
increases relative to the grafted chain length, the free chains accrue less trans-
lational entropy benefit from penetrating the grafted chains when compared
to the stretching cost incurred by the grafted chains for this penetration. This
is expected to lead to a reduced interpenetration between the melt and brush,
a trend consistent with the results. The preceding effects are expected to be
compounded by increasing the grafting density due to a concomitant increase
in the cost of brush stretching associated with interpenetration. This mani-
fests in the results shown in Figure 5.3(d), where increased grafting density is
seen to lead to a smaller interfacial width. Overall, the above results show that
the trends in the interfacial width as a function of chains lengths and grafting
densities reflect trends qualitatively similar to those in the autophobic (f = 1)
case.
In Figure 5.3 we also compare our results for interfacial widths from
strong stretching theory to those from SCFT. We observe that while the pre-
dictions of SST qualitatively agree with the SCFT, the SST is seen to un-
derpredict the value of the interpenetration width and to be generally less
sensitive to variation of many of the parameters. Comparisons between SST
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and SCFT in the autophobic case show a similar underprediction. [136] In a
subsequent section, we discuss the origins of the discrepancies between SCFT
and SST.
Figure 5.4(a) shows the effects of varying the type of randomness on
wb/h. It is seen that at smaller levels of blockiness (λ), this parameter has only
little effect on the interfacial width. However, when the chains become very
blocky the interfacial widths are seen to become substantially larger (compared
to the less blocky counterparts). To explain these trends, in Figure 5.4(b) we
display an increasing enrichment of A segments (quantified by φA,g(z)/(1 −
f) − φB(z)/f) near the interface with increasing blockiness. Thus, increased
interpenetration of the free A chains can be understood as a consequence of the
presence of larger A blocks near the interface and the accompanying reduction
in the enthalpic costs. This effect is similar to trends noted in the context of
statistical copolymers in compatibilizers, where large values of blockiness allow
larger regions of chemical species in the chains to segregate to the chemically
similar side of the interface. [232]
5.3.2 Brush-Melt Interfacial Energies
In Figure 5.5 we first display the effect of varying the composition of A
segments in the grafted chains upon the free energies F (d), which represent the
free energy of a film of thickness d (including the free and grafted chains). We
have shifted the resulting potentials such that they take a value of zero at the
distance d∞ where the energies cease changing. In the light of equation (5.22),
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Figure 5.4: a) Interfacial widths between the brush and the melt as a function
of σR2g/C, with f = 1.0, χN = 10.0, and α = 1.0 for different blockiness
of sequences; b) Enrichment of segments in the brush structure for different
blockiness of sequences. Parameters f = 1.0, σR2g/C = 4.9, α = 1, and
χN = 10.
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Figure 5.5: Interaction potentials for different values of f . χN = 10.0, α = 1.0,
and σR2g/C = 4.90.
the case of Fg(dmin) ≈ Fg(∞) is indicative of stability of the free chains on the
grafted chains, whereas Fg(dmin) Fg(∞) corresponds to a tendency for the
free chains to dewet from the film due to a large interfacial energy. To quantify
the thickness of the melt overlayer, the total film thickness is shifted by the
one-dimensional box size d0/Rg = σR
2
g/C, which is the value (normalized by
Rg) at which a dry brush is achieved.
From the results presented in Figure 5.5, it can be seen that at small
f (corresponding to a larger fraction of B segments) a large attractive well
in F (d) occurs at d = d0. The latter corresponds to the situation where
the free chains are completely expelled from the brush, due to the fact that
at small f the grafted polymers are chemically incompatible with the melt.
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With increasing f , the grafted and melt chains become increasingly similar
and the energetic driving force for the free chains to be expelled from the
grafted chains is reduced and eventually the minimum occurs at a location
d > d0. The latter reflects an increasing tendency for the chains to wet the
brush, corresponding to the situation of coexistence of a macroscopic droplet
with a film of finite thickness d− d0. [18, 82] These results are also consistent
with the larger interfacial widths noted in Figure 5.3(a). The limiting case of
f = 1 corresponds to the autophobic situation where all species in the system
are chemically similar. In this situation, the attractive well becomes relatively
small since the melt chains have no enthalpic driving force to be expelled from
the brush.
As has been noted by earlier authors in the autophobic scenario [136],
there is a mathematical equivalence between the models of a plate grafted with
a polymer brush immersed in a melt where a reflecting boundary condition is
imposed at the free surface, and the symmetric case of two plates grafted with
polymers interacting in a polymer melt. As a result, the potentials shown in
Figure 5.5 also address the interaction between two surfaces containing random
copolymers in a polymer matrix. The use of brushes that are chemically
different from the melt has been suggested as a potential means of achieving
this goal and previous theoretical results suggest that the use of high molecular
weight grafts or polymers whose Flory interaction parameter χ is negative may
be a viable strategies for achieving dispersion, especially if synthesis or grafting
methods are limiting factors. [17, 75, 96] The potentials shown in Figure 5.5
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indicate that the limiting case of f = 1 has the greatest potential for achieving
particle dispersion due to the small potential well. However, according to our
results larger values of f may also be used if a random copolymer brush is
preferred during synthesis. In particular, when f ≥ 0.7, the existence of a
minimum at dmin > d0 corresponds to small values of interfacial energy that
have the potential to be used as grafts to help achieve dispersion of particles.
Figures 5.6(a)-(c) display the interfacial energies (derived from eq. (5.22))
as a function of different parameters. Figure 5.6(a) displays the interfacial en-
ergies as a function of f . These exhibit trends consistent with the free energies
discussed in Figure 4. We note that while the concept of simple mixing of un-
like chains would dictate that the interfacial energy would decrease linearly
with f , in contrast the results for interfacial energy shows a negative devia-
tion from this expectation. The fact that at larger values of f the interfacial
energy is smaller than that expected from simple mixing rule considerations is
consistent with a rearrangement of those chain ends that are richer in A seg-
ments toward the interface. In particular, our interfacial energies suggest that
this effect is more pronounced as the brush and melt become more chemically
similar.
In Figure 5.6(b) we explore the effect of varying χN at fixed f = 0.5. As
χN increases, unlike monomers have an increasingly repulsive interaction. As
a result, the interfacial energy between the grafted and melt chains increases,
representing an increased tendency for a film of A chains to dewet the grafted
chains. These trends are observed to be consistent with the results for the
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Figure 5.6: Interfacial energy of the brush-melt interface for purely random chains
(λ = 0) a) for different values of f (χN = 10.0, α = 1.0, and σR2g/C = 4.90); b) for
different values of χN (f = 0.5, α = 1.0, and σR2g/C = 4.90); c) for different values
of α (f = 0.5, χN = 10.0, and σR2g/C = 4.90); d) for different values of σR
2
g/C
(f = 0.5, χN = 10.0, and α = 1.0). The dotted lines in (c) and (d) show predictions
for the autophobic scenario. The insets show corresponding predictions from SST.
interfacial widths presented in Figure 5.3(b).
In Figure 5.6(c) we show the effect of varying α, the relative size of the
grafted and free chains. Even for f = 0.5, the trends in interfacial energy are
seen to qualitatively display trends similar to those displayed by the autopho-
bic (f = 1) case. Explicitly, as α increases, the relatively larger free chains are
less able to penetrate into the grafted chains (as was seen in the results for
the interfacial widths in Figure 5.3(b)), resulting in less favorable interfacial
interactions between the grafted and free chains.
We also display the results for the behavior of the interfacial energies
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Figure 5.7: a) Interfacial energy and b) Effective concentration of A segments in the
interfacial region displayed as a function of σR2g/C for different kinds of randomness.
f = 0.5, χN = 10.0, and α = 1.0.
as a function of grafting density in Figure 5.6(d). The slight increase in the
interfacial energies as a function of grafting density is seen to be very similar
(within numerical inaccuracy) to the predictions for the autophobic case. [136]
These results also agree with the predictions from Kim, et al which indicate
that, in the case of a homopolymer melt interacting with a chemically different
brush, the interfacial energies increase as a function of grafting density. [96]
In Figure 5.7(a) we explore the effect of changing the sequence distri-
bution by showing the effect of varying grafting densities for different kinds
of sequence distributions. In the range λ = 0 − 0.5, it can be seen that the
variations in blockiness have only a minimal effect upon the interfacial ener-
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gies. However, it is seen that only the chains which are very blocky (λ = 0.9)
manifest a significant difference. We hypothesize that the decrease in the in-
terfacial energy with increasing blockiness is due to the fact that the increased
blockiness allows for larger regions of A segments to populate the interpene-
tration zone and interact favorably with the melt polymer, which results in
larger interpenetration of the brush and melt chains and an energetically more
favorable interface. In Figure 5.7(b) we corroborate this hypothesis by dis-
playing the effective concentration of A segments in the interpenetration zone,
feff . For this calculation, we find feff to be best defined as the region in which
the value of φA,g − φB is enriched in A segments, in other words the location
where curves such as those found in Figure 5.1 cross the x-axis from the pos-
itive side for the first time. For the different levels of blockiness, it is seen
that the effective concentration of A segments in the end chains shows similar
(but inverse) trends (and within the error associated with the random chains)
as those shown by the interfacial energies. Specifically, we note the dramatic
enrichment of species A in the distribution of end segments as a function of
blockiness.
In Figure 5.7(a) we also show the effect of varying σR2g/C for grafted
protein-like chains. While for larger grafting densities the protein-like chains
have surface energies comparable to those associated with random chains with
λ > 0.5, at smaller grafting densities the interfacial energy takes on values that
are comparable to lower values of λ. Based on Figure 5.7(b), it is seen that
these trends result from the tendency for the chain ends of protein-like chains
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to rearrange themselves near the interface with increasing grafting density
(compared to blocky chains).
We also comment on the implications of the results in Figures 5.6 and
5.7 for dispersion of particles. Given the assumption that particle dispersabil-
ity usually correlates to melt-brush interfacial energies, [96] the limiting cases
shown in Figures 5.6(a) - (b) reinforce the fact that the autophobic case is
best for achieving particle dispersion. However, Figure 5.6(c) also suggests
that small values of α, which (when the melt chain length is fixed) correspond
to larger grafted chain length, also have the potential to achieve small values of
interfacial energies and thus improved dispersion even in the presence of chemi-
cally different segments in the grafted layers. Also, Figure 5.7(a) indicates that
the use of very blocky chains (in which the chains more closely resemble ho-
mopolymers) could also be used to reduce the interfacial tension and achieve
dispersion. Densely grafted layers of protein-like chains also show potential for
reducing the surface energy and possibly achieving particle dispersion, while
for smaller grafting densities the protein-like chains are predicted to perform
poorly for achieving dispersion.
In Figure 5.6 we also show a comparison of the SST predictions for
the interfacial energies to the predictions from SCFT. As mentioned earlier,
equation (5.25) is only valid for the case when the minimum energy occurs
at the dry brush height d0 as a function of film thickness. Because of this,
we do not report SST values for f > 0.7 and α < 1, where this condition
is not satisfied. From Figure 5.6, it can be seen that trends displayed by
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the SST and SCFT show qualitative agreement as a function of f , χN , and α.
However, grafting densities are seen to influence the SST results in a much more
pronounced manner than SCFT. This disagreement is also consistent with
comparisons between SCFT and SST presented by Matsen for the autophobic
case which show that the SST substantially overpredicts the interfacial energies
compared to SCFT. The latter was shown to be a consequence of inaccuracies
in the second term in equation (5.23), which represents the conformational
entropy associated with forming an interface in the grafted and free chains.
An additional source of error in the SST was also pointed out in our earlier
discussion, viz., the underestimation of the enthalpic effect in the SST. This
may rationalize the fact that the SST results qualitatively mirror more closely
the trends noted for the autophobic situation rather than the situation of
incompatible polymers.
5.4 Discussion
In this section, we comment on the significance of our results specifi-
cally in the context of 1) the ramifications of the trends noted in interfacial
energies for the design of neutral surfaces and dispersion of particles; and 2)
for characterization of blockiness of polymers using interfacial energy measure-
ments.
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5.4.1 Implications For Particle Dispersion and Neutral Surfaces
As discussed in the introduction, grafted polymers are often used to
facilitate efficient dispersion of particles. The results presented in the preceding
section demonstrates that grafted random copolymers may also be a viable way
to achieve dispersion of particles in nanocomposite systems. In particular, this
approach is viable if reaction conditions are designed such that f is reasonably
large or the Flory interaction parameter χ between the polymers is small.
Also, the use of long grafted chains and blocky chains has great potential to
achieve the small interfacial energies that are generally associated with particle
dispersion.
An important consideration for patterning applications is the design
of neutral surfaces, that is, surfaces which exhibit comparable interfacial en-
ergies when in contact with either the A or B blocks. These surfaces have
the tendency to promote the formation of perpendicularly aligned lamellae or
cylinders when in contact with AB diblock copolymers which are attractive for
electronic materials applications. While in our model, neutral surfaces always
occur at f = 0.5 (due to the absence of substrate-polymer interactions), the
range over which a surface can be approximately neutral is expected to vary
for different parameter values. It is also expected that a surface in which a
broader range of parameters will result in an approximately neutral surface
will be more forgiving to imperfections in actual synthesis. We assess the size
of this range by plotting γ(f) − γ(1 − f) vs f for varying grafting density
and α. For comparison, we draw upon a phase diagram recently reported by
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Meng, et al for a diblock copolymer thin film confined by two smooth surfaces.
[146] When the preference for the top surface is set to zero (appropriate for
the no flux boundary condition we impose on the free surface of the film),
a symmetric block copolymer is used, and χN = 15, they report a neutral
window (adjusted to the units we use) of −0.15 < γ/kTC < 0.15. This win-
dow is shown in Figure 5.8. The width of this distribution indicates the range
over which a surface can behave as approximately neutral and induces the
formation of perpendicular lamellae.
In Figure 5.8(a) we plot γ(f) − γ(1 − f) vs f for varying grafting
density. Our results show that the range over which a neutral surface occurs
(as defined by the width of the distribution) increases with increasing grafting
density, a trend consistent with the fact that at large grafting densities the
surface becomes effectively an impermeable rigid surface. In Figure 5.8(b)
we explore the effect of different kinds of randomness on the neutral window.
Changing the type of randomness is seen to have little effect on the size of the
neutral window, although the protein-like chains appear to show the greatest
promise for the achievement of a larger range of neutrality.
Our results in Figure 5.6(a) are partially consistent with experimental
trends shown by Mansky et al. for a methyl methacrylate (MMA) and styrene
(S) random copolymer brush in contact with a film of polystyrene (PS). [129]
Specifically they show that as f increases (the brush and the melt become
similar), the interfacial energy decreases. However, for grafting densities com-
parable to what we use, and for α ' 3, these authors show that a neutral
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Figure 5.8: a) Plot of γ(f) − γ(1 − f) vs f as a function of σR2g/C. χN = 10.0,
and α = 1.0. b) Plot of γ(f) − γ(1 − f) vs f as a function of type of randomness.
α = 1.0, χN = 10.0, and σR2g/C = 4.90. In both plots, the dotted lines correspond
to the theoretically reported limits of the neutral window from Meng, et al. [146]
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surface occurs at f = 0.57. This shift away from f = 0.5 is due to the fact
that one of the blocks has a preference for the substrate over the other. [209]
Thus, while our results are useful for providing insight into the size of the
neutral window as a function of system parameters, we expect that they will
be shifted based on the relative affinity of the blocks for the substrate.
5.4.2 Characterization of blockiness using interfacial properties
An interesting question is whether contact angle measurements between
the brush and homopolymer can be used to quantify the degree of blockiness
of the polymer. In order to assess the viability of this strategy, one may
extract an approximate measure of the contact angle using the equation[136]
θc = (2∗γb/h/γp/a)1/2, where γp/a is the interfacial energy between the polymer
and air (We note that the preceding equation is only accurate in assumption
that air-homopolymer interfacial tensionis identical or comparable to the air-
grafted layer interfacial tension). To assess this, we use the experimental
parameters in Mansky et al for polystyrene, which yields C = 0.238, their
experimental temperature of 170 C, and γp/a = 29.9, which is the value for
styrene given in the paper and differs minimally from the value for MMA of
30.02 calculated in their paper. [129] We find that the contact angles vary by
less than a degree between λ = 0, λ = 0.5 and the protein-like chains, but that
the case of λ = 0.9 varies from the previous situations by about 3 degrees. We
conclude that only very blocky random copolymers may exhibit a measurably
different contact angle than less blocky ones. This conclusion is consistent
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with recent findings by experimentalists.1
5.5 Summary
We studied a random copolymer brush of composed of segments A and
B in contact with a thin film composed of homopolymer A. We reported in-
teraction potentials which reflect the stability of the film on the brush and
calculated interfacial widths and interfacial energies as a function of key sys-
tem parameters. We find that interfacial characteristics reflect trends which
can be surmised from the autophobic case. We also compared the interfacial
qualities for different types of randomness and find that increasing blockiness
has the effect of reducing the interfacial energy. While the homopolymer case
is a helpful model system to begin to study the phase behavior of diblock
copolymers on a random copolymer brush, in a future study we propose to
study the more realistic case of phase behavior of diblock copolymers on ran-
dom copolymer brushes in order to more accurately capture the system.
1A. Crosby, Private Communication (2011)
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Chapter 6
Self-Assembly of Diblock Copolymer on
Substrates Modified by Random Copolymer
Brushes
6.1 Introduction
The self-assembly behavior of di- and multiblock copolymers has at-
tracted significant attention in both fundamental and technological contexts.
Among the many different morphologies exhibited by block copolymers, per-
pendicularly aligned lamellar and cylindrical phases of diblock (AB) copoly-
mers have constituted a focus of attention in the design of semiconductor
materials. The underlying idea involves modification of one of the blocks is
modified with an etch-resistant material. If the structures are aligned per-
pendicularly, the self-assembly of the diblock then allows for the creation of
alternating patterns in the polymer film which, when etched, leads to a high
density array of patterns which can be transferred to the substrate. Because
such patterns are small and tunable through the diblock chain lengths, they
have attracted attention as a potential successor to traditional photolitho-
graphic methods. This method has been successfully used to create a variety
of vertically aligned polymer patterns and that subsequent etching to transfer
the pattern is feasible. [70–72, 176, 194]
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A key challenge in the success of the above efforts is to be able to obtain
perpendicularly aligned self-assembled structures that are free from defects.
This in turn requires substrates which are energetically “neutral,” i.e., that do
not exhibit a preference for either of the components. Indeed, if the substrate
exhibits a preference for one of the components, then it is more likely that this
component will wet the substrate, resulting in the formation of parallel aligned
phases. Unfortunately, however, many of the commonly employed substrates
do exhibit an energetic preference for one of the blocks, necessitating additional
strategies to render them neutral to the different components.
In relation to the above, experimentalists have pursued a variety of
methods to induce the formation of perpendicularly aligned phases. One com-
mon approach involves modifying the substrate with a striped pattern that
has an energetic preference for one of the blocks. While this might seem to
require a method to chemically pattern the surface on the scale of the desired
feature size, it has been shown that patterns whose features are coarser than
the size of the desired lamella may even suffice to induce the formation of
perpendicularly aligned phases. [176] Another method that has proved effec-
tive in inducing perpendicular patterning is the use of electric field-induced
alignment.[151, 203]
Another common method of achieving perpendicular lamellae is to
modify the interactions between the polymers and the substrate by using a
grafted polymer. While modifying polymer-substrate interactions by grafted
polymers has long been used in applications such as dispersing particles and
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for preventing flocculation, Mansky, et al. first demonstrated the viability
of this approach for controlling the alignment and self-assembly of diblock
copolymers. [129] Explicitly, they used a styrene (S) and methylmethacrylate
(MMA) random copolymer (P(S-r-MMA)) brush with varying compositions
of S and MMA as the substrate for alignment of the block copolymer. By
measuring the surface energy of homopolymers polystyrene (PS) and poly-
methylmethacrylate (PMMA) on the brush as a function of the composition
of S and MMA in the brush, these authors showed that the surface energies of
the brush (with the different components) could be tuned by modulating the
compositions of the brush copolymer. [129] More pertinently, they identified
a regime called the “neutral window,” for which the grafted substrate exhib-
ited approximately equal preference for S and MMA blocks, and showed that
in such a regime the substrate was effective in creating perpendicular aligned
phases. [129, 130] However, since the free surface had an affinity for the PS,
parallel morphologies still tended to be formed near the free surface. [130]
The same authors later used an end-functionalized random copolymer segre-
gated to the polymer-air interface to induce perpendicular lamellar structures
throughout the film. [80]
Complementing the above experimental efforts, there has also been ex-
tensive modeling and simulation work focusing on the self-assembly behavior
of di- and multiblock copolymer films. While early work of Turner, Mayes, and
others used simple scaling-type theories, [162, 210, 214] later research by Shull,
Matsen, Balazs, and coworkers pioneered a more direct numerical approach
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based on polymer self-consistent field theory which helped to shed light on the
different parameters underlying the self-assembly behavior of block copoly-
mers. [138, 161, 186] These researchers modeled a diblock copolymer thin film
bounded by homogeneous substrates with energetic preference for one of the
blocks. Using such a model, it was confirmed that substrates displaying an
energetic preference for one of the components tended to induce the forma-
tion of parallel aligned lamellar phases. In contrast, for a neutral substrate,
a perpendicular arrangement was always preferred or degenerate with parallel
arrangements. More interestingly, such studies demonstrated the critical role
played by the film thickness in modulating these trends for confined polymer
films. Explicitly, in parallel aligned phases confined to thicknesses which are
noncommensurate with the equilibrium lamellar thickness, they showed that
there is a competition between the energetic gain arising from the interactions
with the substrate and the entropic costs that may be incurred in deform-
ing the lamellae to fit them within the confined space. This competition was
shown to result in the formation of perpendicularly aligned phases for certain
ranges of thickness even for preferential substrates. Similar behavior for di-
block copolymers between homogeneous surfaces was also shown using Monte
Carlo simulations. [219] Additionally, more recent studies of diblock copoly-
mer thin films bounded by homogeneous surfaces has elucidated the plethora
of mixed morphologies that may occur as a function of the complex system
parameter space.[146] Subsequent work has extended the above developments
by focusing on the cases of asymmetric diblock copolymers,[217] multiblock
121
copolymers,[41, 86, 140, 141, 184, 236] and the impact of patterned hard sur-
faces [36, 37, 215, 216, 220] including the effects of roughness.[37, 208]
At the other end of the spectrum, much modeling work has also been
accomplished in the context of the interfacial properties of grafted chemi-
cally heterogeneous polymers. This has included studies of grafted diblock
copolymers,[20, 40, 49, 139, 180] Y-shaped copolymers,[237] and systems with
two species of homopolymer.[19, 110, 131] Grafted statistical copolymer sys-
tems such as grafted gradient copolymer melts[160] and random copolymers
in a selective solvent[63] have also been studied. In order to further modeling
effects on grafted statistical copolymers and by analogy to the early work of
Mansky et al., we recently completed a study of a random copolymer brush in
contact with a homopolymer melt. Our results qualitatively agreed with their
experimental results. Moreover, we also showed that an important phenom-
ena that manifest in such random copolymers is the possibility of the chains
to rearrange their ends to expose a more “enriched” fraction of the favorable
phase to the melt in contact. In our earlier work, we showed that the surface
energies between the hompolymer melt and the brush is crucially dependent
upon this rearrangement effect.[206]
Both the experimental work of Mansky et al.[129] as well as our previ-
ous work on the interfacial properties of random copolymer brushes have used
the surface energies of A and B homopolymers on random copolymer brushes
to draw conclusions about the expected behavior for diblock copolymer align-
ment on such substrates. While this is a reasonable strategy, such an approach
122
however leaves unaddressed many interesting issues relating to the synergistic
aspects between the self-assembly of the block copolymer and grafted copoly-
mer. Explicitly, grafted copolymers differ from the hard walls modeled previ-
ously in that they represent a soft substrate which can potentially modulate
their thicknesses to accommodate the self-assembly of the block copolymers.
A more interesting possibility in the case of random copolymers brushes is
that they can create lateral and/or normal chemical inhomogeneities, and
thereby modulate the surface energies to either template or accommodate the
self-assembled structures of the block copolymer film. These considerations
prompt the question of whether there indeed is a “strict” correspondence be-
tween the surface energies and the actual alignment of the diblock copolymer,
and whether this alignment matches the behavior predicted for self-assembly
of diblock copolymers on smooth, hard walls.
Only very few articles have modeled the self-assembly characteristics
of block copolymers on grafted surfaces. Ren and coworkers considered the
self-assembly of asymmetric block copolymer melts on homopolymer brushes
using polymer self-consistent field theory (SCFT). [173] They found that, as
a function of grafting density, the system alternated between lamellar and
spherical morphologies and that templating of the grafted homopolymer oc-
curred in response to the spherical phases. However, these studies did not
address the issues regarding the connection between surface energies and the
self-assembly morphologies. Moreover, the possibility of self-assembly driven
chemical inhomogeneities in the grafted layers is a feature unique to the con-
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text of random copolymer and multicomponent polymer brushes which does
not have an analogue in the homopolymer context. To address the above-raised
issues, in this work we go beyond our previous work on the interfacial prop-
erties of random copolymers by modeling directly the self-assembly of block
copolymers on grafted copolymer brushes. We quantitatively explore the in-
fluence of various parameters, which include grafting densities, chain lengths,
film thicknesses, composition of the random copolymer and the blockiness of
its chemical sequences. To minimize the number of parameters to be studied,
we hold constant the interaction between dissimilar segments (quantified by
the Flory parameter χ) and also focus only on the case of a “symmetric” di-
block copolymer, which forms lamellar phases. Moreover, we also assume that
the film is “symmetric” and has identical grafted layers on both surfaces. In
order to isolate the specific effect of the random copolymers, we assume that
the substrate on which the polymers are grafted is a “neutral” surface for the
two components of the diblock copolymer.
Using the above model and assumptions, we study the self-assembly
of the block copolymers upon random copolymer brushes. Our results indi-
cate novel synergy between the block copolymer self-assembly and the inho-
mogeneities induced in the brush. This feature renders the self-assembly in
our system to be much more complex than the behavior observed for block
copolymers confined by smooth, hard walls. The latter is also reflected in
the quantitative comparisons we present between the surface energies and the
stabilities of perpendicularly and parallel aligned phases.
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The rest of the article is arranged as follows: In section 6.2 we explain
key details of our theoretical and numerical methods. In Section 6.3 we discuss
some key relevant morphological features arising in the parallel and perpen-
dicular self-assembly of block copolymers on the grafted layers. In Section 6.3
we present results pertaining to the “neutral window,” that is, the parametric
regime which leads to perpendicular alignment of the block copolymer. We
present an explicit comparison of this regime to the surface energies of the
homopolymers on random copolymer brushes and comment on the correspon-
dences and discrepancies.
6.2 Theory and Numerical Methods
To model the self-assembly of block copolymers on grafted random
copolymer surfaces, we use a numerical implementation of polymer self-consistent
field theory (SCFT). The details of the formalism for the system under con-
sideration is almost identical to that used in our previous work which modeled
the behavior of (A) hompolymer films on random copolymer (AB) brushes.
To model the behavior of diblock copolymer films, the modifications arise only
in the manner in which the densities and volume fraction profiles of different
components are computed. Specifically, the presence of the B component in
the film adds to the total volume fraction of the B component.
In the previous work, since we were only interested in the density pro-
files and free energies of homopolymers, we could restrict our consideration to
one-dimensional variations in the density profiles of the different components.
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However, in the present context, since we are explicitly concerned with the
formation of parallel and perpendicular lamellae, we now solve the resulting
self-consistent field theory equations while allowing for inhomogeneities in two
spatial dimensions: one normal to the substrate, denoted z, and one tangential
to the substrate, denoted x. We solved the diffusion equation resulting in the
SCFT in two dimensions using an alternating-direction implicit method. To
calculate the surface energies (to compare with the neutral window regimes),
we revert back to an one-dimensional formalism where the diffusion equation
is solved using a Crank-Nicolson method in only the z dimension. For our two-
dimensional calculations, the spatial dimensions are resolved on a mesh size
of ∆x = ∆z = 0.1 and the contour length coordinate s is resolved on a mesh
size of ∆s = 0.005. For our one-dimensional calculations, the need for free
energy results very close to the surface dictates that we solve the equations on
a smaller mesh size of ∆z = 0.04 and ∆s = 0.0004. The self-consistent field
equations are solved until the maximum change in the self-consistent fields
(see below for details and notation) was 10−2 for w+ and 5×10−3 for w−. The
random copolymer chains grafted to the surface were generated by using a
method identical to that employed in our previous work. In the present study,
we use an ensemble of 500 chains in our self-consistent field theory. As in the
last study, we create chains that have 100 segments, which when ∆s = 0.005
dictates that each segment has two contour mesh (s) points.
From this point in the paper, we choose to denote the volume fraction
of species A in the brush chain by f , the grafting density by σ, the blockiness
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parameter as λ (see below for details), and the ratio between the chain lengths
of the free and grafted chains as α.
6.2.1 Details of Theoretical and Numerical Methods
We use self consistent field theory for tethered polymer chains [53] to
determine the structure of a grafted layer of statistical copolymers composed
of segments denoted A and B which interacts with an AB diblock copolymer.
While previous articles have already detailed the theoretical framework appro-
priate for similar situations,[136, 137] for the sake of completeness we present
the pertinent equations and details of the accompanying numerical method.
The polymers are modeled as Gaussian chains whose conformations are de-
scribed by continuous functions Ri(s) and Rj(s), where i denotes the free
chains and takes on values from 1 to nf (the number of free chains), and j de-
notes the grafted chains and runs from 1 to ng (the number of grafted chains).
The variable s is a continuous chain index coordinate running from 0 to Nf for
the free chains, where Nf denotes the chain length of free chains, and running
from 0 to Ng for the grafted chains, where Ng denotes the number of segments
in the grafted chains. For simplicity, we assume that the segmental densities
of all the segments are identical and denote it as ρ0. Using this notation, the








−βU1[Ri(s),Rj(s)])δ(ρ̂A + ρ̂B − ρ0), (6.1)
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where ρ̂A and ρ̂B denote the microscopic densities of A and B chains, re-
spectively. Also, ρ̂A = ρ̂A,g + ρ̂A,f , where ρ̂A,g and ρ̂A,f are the microscopic
densities of component A arising from the grafted and free chains, respectively.
The density of B segments is calculated similarly as ρ̂B = ρ̂B,g + ρ̂B,f . The
delta function in eq. (6.1) enforces the incompressibility of the overall system
by requiring that the sum of the A and B species densities, ρ̂A and ρ̂B, equals
the average melt system density ρ0. In eq. (6.1), U0 corresponds to the bonded












where b denotes the statistical segment length. U1 describes the non-bonded
interactions, in particular the energetic repulsion between chemically dissimilar




with the Flory parameter χ quantifying the energetic penalty associated with
the contact of chemically dissimilar segments.
The functional eq. (6.1) can be transformed by using functional integral
methods into a field theory in which the fundamental degrees of freedom are





Dw− exp(−βH[w+(r), w−(r)]). (6.4)















lnQf [−iw+ − w−,−iw+ + w−]
− σ̄
C
lnQg[−iw+ − w−,−iw+ + w−]. (6.5)
In eq. (6.5), length scales have been nondimensionalized by the unper-
turbed radius of gyration, Rg = N
1/2
g b/61/2, of the grafted chains. This results
in a nondimensionalization of the grafting density σ (defined as chains per
area) to σ̄ = σR2g. The potentials w+ and w− and the continuous chain index
s have been rescaled by Ng. With this nondimensionalization, the constant
C = ρ0R
d
g/Ng and α = Nf/Ng emerge as dimensionless parameters. Given the
total system volume V and the cross sectional area A of the film (all dimen-
sionless), we define the volume of the homopolymer melt Vh by the relationship
V/A = Vh/A + σ̄/C. Qg is the partition function of a single grafted chain in
the fields w+(r) and w−(r), and is defined as
Qg(r⊥; [ψ]) =
∫
drqr⊥(r, s; [ψ]). (6.6)
In the above equation, the field qr⊥(r, s; [ψ]), referred to as the chain prop-
agator, provides a statistical description of grafted chain conformations and
satisfies a diffusion-like equation[54]
∂qr⊥
∂s
= ∇2qr⊥ − ψ(r, s; θ(s))qr⊥ ; qr⊥(r, s = 0) = δ(r− r⊥). (6.7)
The initial condition in eq (6.7) is the result of the fact that one end of the
chain is grafted to the surface, denoted by r⊥. The potential ψ(r, s) is the
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potential field acting on the different monomers and is based on the statistical
distribution of the monomers. If we use the definition of a random variable
θ(s) that takes on a value of 1 for an A monomer and 0 for a B monomer, then
ψ(r, s; θ(s)) =
{
−iw+(r)− w−(r), if θ(s) = 1
−iw+(r) + w−(r), if θ(s) = 0
. (6.8)
We note that, as discussed further below, experimental conditions dictate that
θ(s) is different for each chain in the system. The equations presented here
reflect our implementation of the SCFT for one realization of θ(s), and we
discuss below how this construction is used to model the presence of many
chemically distinct chains in the system. Qf is the partition function of a
single free chain in the field w(r) and is defined as
Qf =
∫
drqf (r, s = α). (6.9)
The field qf (r, s) also satisfies a diffusion equation,
∂qf (r, s)
∂s




−iw+(r)− w−(r), 0 ≤ s ≤ fdiblockα
−iw+(r) + w−(r), fdiblockα < s ≤ α
. (6.11)
The potential field in the above equation arises as a consequence of the fact that
the free chains are assumed to be AB diblock copolymer chains with volume
fraction fdiblock. The volume fraction profiles of the melt chains, composed of
species A and B segments, are defined as φA,f = ρA,f/ρ0 and φB,f = ρB,f/ρ0,














dsqf (r, s)qf (r, 1− s). (6.13)
The single chain partition function of the grafted chains, Qg, can be rewritten
using a factorization property as [53]
Qg(r⊥) =
∫
drqr⊥(r, s)qg(r, 1− s), (6.14)
where qg(r, s) is a complementary chain propagator that satisfies eq. (6.7) with
an initial condition of qg(r, s = 0) = 1. A further complementary propagator







which can be shown to satisfy eq. (6.7) with, however, an initial condition
qgc(r, s = 0) =
σ̄δ(r− r⊥)
qg(r = r⊥, s = 1)
. (6.16)
The volume fraction profiles of species A and B in the brush, φA,g(r) and φB(r)









ds(1− θ(s))qgc(r, s)qg(r, 1− s). (6.18)
Replacing eq. (6.4) with the value of the exponent at its saddle point
constitutes the approximation termed as self-consistent field theory (SCFT).
The saddle point fields, w∗+ and w
∗
−, found by setting the functional derivative
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of eq. (6.5) with respect to w+(r) and w−(r) to be zero, correspond to the
solutions of the equations
1− φA(r)− φB(r) = 0 (6.19)
and
φA − φB − (2/χN)w∗− = 0. (6.20)
The free energy of the system can then be approximated using the value of
H[w∗+(r), w
∗






















Computation of F requires the solution of equations (6.7) - (6.14)
and (6.16) - (6.20) with the appropriate boundary conditions. As discussed
in previous theoretical studies in the context of thin films, [136] we use a re-
flecting wall boundary condition at the top of the film, which describes the
symmetry condition at half the confinement thickness. This dictates that we
impose Neumann boundary conditions, n ·∇qf = n ·∇qg = n ·∇qgc = 0 at this
surface. For numerical reasons discussed in our previous work, [205] instead
of using the Dirichlet boundary conditions on the grafted surface, we use a
Neumann boundary condition on this surface.
The saddle point fields w+(r) and w−(r) are determined using a Picard
iterative scheme of the form
w∗+(r)new = w
∗





−(r)old + ε−[φA − φB − (2/χN)w−]. (6.23)
where ε+ and ε− are relaxation parameters whose values were chosen to be
between 0 and 1. Additionally, the average value of w+ is enforced to be zero
at every iteration.
Mimicking the experimental conditions involving statistical copolymers
requires us to generate an ensemble of chains whose overall composition of
species A is represented by the parameter f but with a distribution of se-
quences reflecting the statistical nature of their sequences. For this purpose,
we use the construction of Fredrickson et al. [55] to generate our copolymers.
A parameter Pjk is defined as the conditional probability that a segment of
type j at an arbitrary location in the chain is immediately followed by a seg-
ment of type k, where j, k = A or B. Because the only options that exist
are A or B segments, by construction PAB = 1 − PAA and PBA = 1 − PBB.
Also, to ensure that the average volume fraction of the segments is f , we have
f = PAAf + PBA(1 − f). Given these equalities, it can be shown that the
resulting statistical distribution of sequences on the chains can be described
by the parameter λ = PAA + PBB − 1 and that PAA = f(1 − λ) + λ and
PBB = f(λ − 1) + 1. The parameter λ quantifies the tendency of a new seg-
ment to remain chemically equivalent to the previous one. Specifically, λ = 0
corresponds to the purely random case, λ = −1 corresponds to an alternating
copolymer, and λ = 1 corresponds to a homopolymer with chemical identity
determined by the probability associated with the first segment in the chain.
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To implement this strategy, we generate an ensemble of chains based on the
above procedure and average the results over them to account for the statistical
nature of sequences in the polymers.
Since the numerical discretization “∆s” is distinct from the physical
size of a segment in the chain, we also specify the number of segments in
the chain and generate “segments” composed of the appropriate number of s
points. The SCFT calculations are then performed on all ng of these chains
and the results averaged at each iteration. For each parameter set, we did a
run on 500 chains composed of 100 segments and averaged the results. Given
that ∆s = 0.005 and 0 < s < 1, this means that each segment is composed of
2 s points.
To quantify the interfacial energy between the bulk film and the brush,
we use an approach similar to that expounded in Matsen. [136] Explicitly,
the free energy of the system F (d) is calculated as a function of the total film
thickness d (which includes both free and grafted chains). Subsequently, the
interfacial energy between the bulk diblock copolymer film and the brush is
obtained as [136]
γb/d =
F (∞)− F (dmin)
A
(6.24)
where dmin is the thickness for which F (d) is a minimum andA is the area of the
substrate. Using equation (6.24), we obtain values of γb/d at different values of
f , denoted γ(f). We then assume that, since the substrate interacts neutrally
with both chemical components in the system, γ(f) = γA and γ(1− f) = γB.
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We calculate ∆γ = γ(f) − γ(1 − f) as a way of quantifying the relative
preference for the brush of components A and B in the melt.
6.3 Morphological Features of Self-Assembly
We begin the discussion of our results by presenting key features of
the parallel and perpendicular morphologies that we observe from our SCFT
calculations. In particular, we focus on two key aspects by which the grafted
copolymer layers differ from hard surfaces and single component grafted layers,
viz., (i) The ability of the surface to tune the distribution of the different species
to accommodate the self-assembly of the diblock copolymer. This feature
arises from the multicomponent nature of the copolymer and we term this as
“chemical templating”; and (ii) The ability of the grafted surface to tune its
heights to respond to the self-assembly. This feature arises due to the inherent
“softness” of the grafted surface and we term this as “physical templating.”
6.3.1 Templating of Parallel Lamella
In Figures 6.1(a) and (b) we display representative volume fraction
profiles of the species A within the random copolymer brush and the diblock
copolymer for the case when the diblock copolymer exhibits a lamellar phase
with parallel alignment. While the displayed profiles correspond to the situ-
ation where the A component is in contact with the brush, since the random
copolymer brush shown in Fig. 6.1 corresponds to a case of f = 0.5, we ex-






























































Figure 6.1: Pictures of parallel lamellar morphology; (a) Intensity plot of
volume fraction of species A of the grafted polymer; b) Intensity plot of volume
fraction of species A of the diblock copolymer; c) Averaged cross sections of
volume fraction of all species, along with total brush density and φA,brush −
φB,brush (dotted). The parameters for these results are: σR
2
g/C = 2.45, f = 0.5,
and λ = 0. Diblock composition fdiblock = 0.5 Chain lengths and segment
interactions are defined by α = 1 and χN = 20. Film thickness is 12.5Rg,
which is the location of the minimum in energy of three parallel lamellae.
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degeneracy in the free energies. Figure 6.1(c) displays the x-averaged volume
fraction profile for the brush component (i.e. the sums of the volume fractions
of the A and B components of the brush). We observe from Figures 6.1(a) and
(c) that there are no perceptible lateral inhomogeneities in the brush profiles,
confirming the absence of any “physical templating.”
Since the brush conditions shown in Fig. 6.1 correspond to f = 0.5,
in the absence of any chemical templating of the lamellar phase we would
expect the volume fraction profiles of A and B components in the brush to be
identical to each other. Hence, whether there is chemical templating of the self-
assembly is most easily probed by considering the presence of compositional
inhomogeneities within the grafted layer. In Figure 6.1(c) we display the x-
averaged volume fraction profiles of the different components as a function of
z, the dimension normal to the substrate. While superficially it appears as if
the volume fraction profiles of A and B copolymers in the brush match each
other, a subtle inhomogeneity in the profiles is indeed seen to develop and
manifest in the behavior of φA,brush−φB,brush, shown in Fig. 6.1(c). Explicitly,
it is seen that φA,brush − φB,brush becomes positive in the region occupied by
the A component of the diblock, which is indicative of an enrichment of the
A component of the brush in contact with the A component of the diblock
copolymer. To compensate for this enrichment, φA,brush − φB,brush becomes
negative in the interior regions of the brush, indicative of the depletion of A
component in such regions.
The enrichment of the A component discussed above is equivalent to
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a chemical templating of the diblock self-assembly morphology by the grafted
layer. Such a phenomenon is also consistent with the results of our previous
work which examined the behavior of random copolymers in contact with
homopolymer melts. In that case, we showed that, even for f = 0.5, the chain
ends of the random copolymer can rearrange themselves to present an enriched
amount of the enthalpically similar component in the interfacial region where
the brush overlaps with the free polymer. Such a rearrangement was argued
to reduce the enthalpic component of the interfacial energies while costing
little to nothing in the entropic component. Moreover, we showed that this
rearrangement effect can in general (for f 6= 0.5) be quantified through the
quantity φA,brush(z)/f −φB,brush(z)/(1− f), which corresponds to the amount
of enrichment in species A that occurs in the brush, normalized by the average
volume fraction of each species.
In Figure 6.2 we present results which quantify the manner in which
the above-discussed chemical templating varies with different parameters of
the grafted layer. Figure 6.2(a) displays the variation of the rearrangement
effect with increasing f , for which the brush and the melt become more chem-
ically similar. As was observed in our previous work with random copolymer
brushes and homopolymer melts, the enrichment of species A (i.e. the chem-
ical templating effect) becomes less pronounced as f increases, evidenced by
the decreasing magnitude of the positive peaks toward the right of the plots.
This trend is easily understood by noting that with increasing f , there is a
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Figure 6.2: Segment rearrangement effect of a cross section at the film thickness
corresponding the location of the minimum in energy of parallel morphology for 3
lamellae.(a) Varying f ; (b) Varying λ; (c) Varying σR2g/C; (d) Varying α. Unless
otherwise stated,σR2g/C = 2.45, fbrush = 0.5, and λ = 0. Diblock composition
fdiblock = 0.5 Chain lengths and segment interactions are defined by α = 1 and
χN = 20. Film thickness is 12.5Rg, which is the location of the minimum in energy
of parallel morphology for 3 lamellaes.
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cial region by rearranging the chains ends. Moreover, in such conditions the
brush copolymer itself becomes more similar to the polymer in contact with it
and hence there is inherently a favorable enthalpic interaction between them.
While chain rearrangements do contribute to these favorable interactions, they
are expected to do so only at a secondary level and therefore there is a reduced
propensity for such behavior.
In Figure 6.2(b) we display the effect of increased blockiness (with
f fixed at 0.5) on the rearrangement within the random copolymer brush.
Similar to the results presented in our previous article for the case of a random
copolymer brush in contact with a homopolymer, the rearrangement effect is
seen to increases with increasing blockiness. This behavior, which also parallels
results shown in other contexts, can be explained by noting that blockier
polymers allow for a more substantial enrichment of the preferred component
by the process of rearranging the chain ends.
Finally, in Figure 6.2(c) we display the affect of changing the grafting
density upon the chain rearrangement. Interestingly, with increasing grafting
density, the enrichment in A chain exhibits a nonmonotonic variation (seen
in the magnitude of the peaks of φA,brush(z)/f − φB,brush(z)/(1 − f) in the
interfacial region). We note that in our previous work on random copolymer
brushes in homopolymer melts (albeit for a smaller χN), we also found that the
rearrangement effect behaved nonmonotonically by decreasing from σR2g/C =
1.22 to σR2g/C = 2.45, and then increasing again at σR
2
g/C = 4.89. Since the
chain rearrangement effects involve a complex interplay of many features, we
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can only speculate that these nonmonotonic trends arise from a combination
of the reduced interfacial widths between the melt polymer and the brush
with increasing grafting density and the enrichment that can be achieved by
rearranging the chain ends in such a region.
In summary, in this section we discussed the “chemical templating”
phenomena arising in the brush copolymer due to the presence of a parallel
aligned diblock copolymer. Explicitly, we demonstrated that chemical tem-
plating arises through a rearrangement of the chains to enrich the brush in the
component of the diblock copolymer which is at the interface. The parametric
dependencies of this chain rearrangement effect were shown to be consistent
with the results observed earlier for the interface of a random copolymer brush
and a homopolymer melt.
6.3.2 Templating of Perpendicular Morphologies
In contrast to the behavior discussed for the case of parallel lamella
phases, templating of perpendicular morphologies is expected to be even richer
due to the possibility of both normal and tangential inhomogeneities. More-
over, within the context of tangential inhomogeneities, two further situations
may arise: (i) Inhomogeneities in the structure and heights of the grafted layer
(referred to as “physical templating”); (ii) A compositional or chemical tem-
plating similar to that observed in the context of the lamella phases aligned in
the parallel direction. Below we present evidence for the occurrence of both
of these possibilities and discuss their dependence on different parameters of
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the grafted layer.
In Figure 6.3(a) we display representative composition profiles of the A
components in the diblock copolymer and the random copolymer brush for the
case where the diblock copolymer lamellae are aligned in a perpendicular man-
ner. The first observation we make is that the lamellae formed by the diblock
copolymer are rounded at the edges in the region which are in contact with the
brush. This feature is seen to manifest more clearly in the results displayed in
Fig. 6.3(b) which depicts the total volume fractions of the diblock copolymer
and the brush component. The latter quantifies the structure and height of
the brush and is seen to display periodical inhomogeneities with peaks in the
regions corresponding to the location of the interfaces in the diblock lamellae.
Taken together, the preceding observations indicate a “physical templating”
of the brush driven by the rearrangement of the grafted layer in an inhomoge-
neous manner to accumulate more material from the brush at the AB interface
of the lamellae of the diblock copolymer.
Before we discuss the origins of the above behavior, we note another
aspect of self-assembly in perpendicular alignment. Specifically, in the plot
of the segmental enrichments (defined as φA/f − φB/(1 − f) of the brush
component) displayed in Figure 6.3(c), it is seen that the composition pro-
files of the A and B components in the brush are both enriched in the regions
where they are in contact with the respective phases. A more intriguing aspect
of the above chemical templating behavior is in a comparison of the magni-
tudes of the enrichments observed in the interfacial region for perpendicularly
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and parallel aligned lamellae. Explicitly, it is seen that for the perpendicular
alignment the magnitude of A (and B) enrichment in the interfacial region
is ∼ 0.011, whereas, the enrichment is 0.008 in the corresponding result for
parallel lamellae in Figure 6.2(a).
We hypothesize that the origins of all the observations above can be
traced back to the statistics of the sequences in the grafted chains and how
they rearrange their ends to reduce the enthalpic cost of the interface between
the diblock copolymer lamella and the grafted layer. The presence of chemical
templating of the diblock copolymer is easiest to understand as a generalization
of the behavior seen for the parallel lamellae. Explicitly, the chain ends now
rearrange so as to present an enriched phase of the appropriate component in
the interface. In a similar manner, by rearranging its chain ends, the grafted
layer can present “neutral” portions of the chains (i.e. which exhibit equal
affinity to both A and B components) which can potentially reduce the energy
costs at the interfaces of a diblock copolymer by acting like a surfactant. We
believe that the latter mechanism is responsible for the “physical templating”
seen at the interfacial locations of the diblock lamellae see in Figs. 6.3(a) and
(b). This is also confirmed by the gaps seen in the enrichment plots displayed in
Figs. 6.3(c), which are indicative of a lack of enrichment and a more uniform
distribution of A and B monomers of the brush at the lamellar interfacial
locations of the diblock.
What is the origin of the enhanced rearrangement in chemical templat-
ing for the perpendicular lamellae? We believe that this arises from a confor-
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mational rearrangement of the chains. Explicitly, the grafted chains which are
in contact the A portion of the block copolymer, and which are enriched in the
B component have two options: (i) They can go to the interior of the layer,
as they do in the case of parallel arrangement; or (ii) If they are sufficiently
close to the B portion of the lamellae, then they can splay and contribute to
the enrichment of B in the B portion. The interplay of these is dictated by
a competition between the entropic costs of the conformation rearrangements
and the enthalpic gain in the interface between the diblock copolymer and the
grafted layer. We believe that this effect leads to an “enhanced” enrichment
in the case of perpendicular lamellae.
One ramification of the above enhanced enrichment is that even when
considered at the same conditions of the grafted copolymers, parallel and per-
pendicular lamellae exhibit different characteristics in the interfacial layer be-
tween the block copolymer component and the grafted polymer. Indeed, the
perpendicular lamellae, being the beneficiary of enhanced interfacial enrich-
ment, will have more favorable interfacial interactions with the grafted surface
when considered relative to the parallel alignment. In the next section, we
show this finding has important consequences for the stability of the perpen-
dicularly aligned phases.
Additional evidence for the above mechanistic explanations is furnished
by considering a more blocky random copolymer brush (while keeping f fixed
at 0.5), depicted in Figures 6.4(a) - (c). We observe that the qualitative fea-





























































Figure 6.3: Intensity plot of (a) species A volume fraction in diblock copolymer,
(b) total volume fraction and (c) chain rearrangement for a perpendicular
lamellar morphology at fbrush = 0.5. σR
2
g/C = 2.45, and λ = 0. Diblock
composition fdiblock = 0.5 Chain lengths and segment interactions are defined
by α = 1 and χN = 20. Film thickness is 12.5Rg, which is the location of the







































Figure 6.4: Intensity plot of (a) species A volume fraction in diblock copolymer,
(b) total volume fraction, and (c) chain rearrangement for a perpendicular
lamellar morphology at λ = 0.9. σR2g/C = 2.45 and fbrush = 0.5. Diblock
composition fdiblock = 0.5 Chain lengths and segment interactions are defined
by α = 1 and χN = 20. Film thickness is 12.5Rg, which is the location of the
minimum in energy of parallel morphology for three lamellaes.
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in Figure 6.3. However, we note three features which distinguish systems with
higher blockiness: (i) The magnitude of the physical templating effect seems
diminished and the brush height becomes more uniform in the lateral direc-
tion (compare Figures 6.3(b) and 6.4(b)); (ii) The magnitude of the chemical
templating becomes more pronounced for the blockier copolymers (compare
Figures 6.3(c) and 6.4(c); (iii) The differences in the enrichment effect between
the perpendicular and parallel phases become more pronounced. Explicitly,
the magnitudes of the maximum enrichment are 0.916 and 0.622 for the per-
pendicular and parallel phases respectively.
The above observations are consistent with the mechanisms proposed
in explaining Figure 6.3. First, we point out that increasing blockiness leads
to chains which have longer sequences of A or B monomers (with however,
the average over the different chains being maintained at f = 0.5), and hence
less numbers of “neutral” sequences. Consequently, they are expected to be
less efficient than the nonblocky chains (λ = 0, depicted in Fig 6.3) in modu-
lating the interfacial cost of AB interfaces in diblock lamella, which explains
(i) above. However, for the same preceding reason, blockier chains allows for
an easier and more substantial chain rearrangement and enrichment at the
interface, thereby explaining (ii) above. Finally, for the same reason, the con-
formational rearrangement of the chains (splaying) is expected to have a more
significant effect at enhancing the interfacial enrichment, and is consistent with
our observation (iii) above.
How do the above trends change for non symmetric (f 6= 0.5) grafted
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chains? In Figure 6.5 we present results displaying the effect of f for a non-
blocky (λ = 0) random copolymer. In comparing these pictures with the
results depicted in 6.3, we observe the following features: (i) The diblock
copolymer lamellae become asymmetric with the A segments of the diblock
spreading more on the grafted layer, whereas the B segments reduce their
contact with the brush; (ii) The height inhomogeneities in the brush become
more pronounced, with the brush exhibiting relatively enhanced and lowered
heights in regions respectively in contact with the A and B segments of the
diblock copolymer; (iii) The rearrangement/chemical templating effects are
seen to become more mitigated for the A component whereas it is enhanced
for the B component. This is seen by comparing the magnitude of the positive
values (representing the enrichment of A) which is 0.011 in Figure 6.3(c) and
0.077 in Fig. 6.5(c). On the other hand, the magnitude of the negative values
(enrichment of B) in Figures 6.3(c) and 6.5(c) are 0.011 and 0.019 respectively.
Much of the above observations can be understood by noting that for
f > 0.5 the grafted polymer has a higher fraction of A segments (if f < 0.5
there is a higher fraction of B segments). Consequently, the grafted surface is
by itself preferable to the A segments of the block copolymers and not prefer-
able to the B segments of the block copolymers. In view of this feature, it
is not surprising that the lamellae of the diblock copolymers become asym-
metric with an enhanced spreading of the A polymers ((i) above). However,
unlike a hard surface with an inherent surface energy, grafted polymers can
modulate the contact between the surface and the B component by an appro-
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priate conformational rearrangements and redistribution of the segments. We
believe that the preceding mechanism underlies observation (ii) above where
the grafted chains compress themselves to bring more of their B segments in
contact with the B phase of the diblock copolymer. The changes in the re-
arrangement plots and trends of (iii) can be understood by noting that since
the brush is as a whole enriched in A segments, there is expected to be less
driving force for chain rearrangement driven interfacial enrichment of A seg-
ments. Moreover, the magnitude of the A enrichment possible (relative to the
average volume fraction of A) also diminishes with increasing f . In contrast,
an opposite effect is at play for the B segments in the brush. Explicitly, the
region of the brush which is in contact with the B segments of the diblock
copolymer experience an unfavorable interaction and hence try to reduce the
corresponding enthalpic costs by undergoing chain rearrangements to enrich
the interfacial region in B segments. Moreover, the magnitude of the B en-
richment possible (relative to the average volume fraction of B) also increases
with increasing f . Together, the preceding effects manifest in the observation
(iii) noted above.
In summary, the above morphological characteristics indicate novel
physical and chemical templating arising during the perpendicular alignment
of block copolymer lamellae. In the next section, we develop these consid-
erations more quantitatively by considering the free energies of parallel and





























































Figure 6.5: Intensity plot of (a) species A (left) and B (right) volume fraction in
diblock copolymer, (b) total volume fraction and (c) chain rearrangement for a
perpendicular lamellar morphology at fbrush = 0.6. σR
2
g/C = 2.45, and λ = 0.
Diblock composition fdiblock = 0.5 Chain lengths and segment interactions are
defined by α = 1 and χN = 20. Film thickness is 12.5Rg, which is the location
of the minimum in energy of parallel morphology for 3 lamellaes.
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6.4 Equilibrium Alignment and Neutral Windows
In this section, we use a more quantitative framework to examine the
self-assembly characteristics of block copolymers on grafted random copoly-
mer surfaces. To set the context for the manner in which we quantify the
results, in Figure 6.6, we display the free energy per unit area (relative to
the bulk value) of the random copolymer brush-diblock copolymer thin film
system as a function of film thickness for the parallel and perpendicular mor-
phologies for a specified set of parameters. The curves labeled 2, 2.5, and 3
correspond to the number of parallel lamellae in the thickness D (which repre-
sents half the confinement width). Perpendicular morphologies are unaffected
by the confinement thickness and hence their free energies are independent
of thickness. On the other hand, we observe that the free energies for the
parallel morphologies show an oscillatory trend as a function of film thickness.
Such a behavior has been noted in many earlier studies of diblock copolymers,
[138, 161, 210, 214] and can be understood as arising from a mismatch between
the preferred lamellar domain spacing and the confinement thickness. Explic-
itly, upon increasing the confinement thickness beyond a value commensurate
with the preferred lamella spacing, the chains in the lamella have to stretch
to fill the space. The latter leads to entropic costs, which is reflected in the
increasing portion of the free energies. However, beyond a certain thickness it
becomes more beneficial for the lamellae to accommodate an additional layer
(the next higher period) while compressing the chains to accommodate the
mismatch between confinement thickness and the preferred lamella spacing.
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Figure 6.6: Free energies as a function of film thickness for a diblock copolymer
film in contact with a neutral random copolymer brush-covered substrate. Brush
parameters are σR2g/C = 2.45, fbrush = 0.5, and λ = 0. Diblock composition
fdiblock = 0.5 Chain lengths and segment interactions are defined by α = 1 and
χN = 20. Spacing = 4.0346121; Db = 4.029894158.)
Beyond this point, increasing the confinement thickness relieves the compres-
sion and leads to the decreasing portion of the free energy. We note that
for the conditions depicted in Figure 6.6 the bulk lamellar spacing is 2.05Rg,
which is identical to the distance between the minima noted for the parallel
alignment. The latter demonstrates that in this case the random copolymer
brush has no effect on the preferred spacing of the lamellae.
A more nontrivial and an important observation from the plot is that
while the depicted conditions correspond to a situation where the grafted sur-
face is “neutral” (f = 0.5) to both A and B components, the perpendicular
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lamella structure seems to be the preferred alignment over the entire range
of confinement thickness. In contrast for block copolymer melts confined by
hard, neutral surfaces there is expected to be a degeneracy in the free energies
of the parallel and perpendicular configurations of the lamellae when the con-
finement thicknesses are commensurate with the domain spacing. The origin
of our result can be traced back to the morphological characteristics described
in the previous section. Explicitly, we demonstrated that even for a grafting
layer with “neutral” characteristics, perpendicular alignment of lamellae was
accompanied by an enhanced (relative to parallel alignment) chemical enrich-
ment in the brush. This self-assembly driven enrichment is in turn expected
to lead to a more favorable interfacial energy between the A and B compo-
nents of the diblock and their respective contacts with the grafted surface.
Additionally, we also showed that there is also the possibility for a “physical
templating” of the perpendicular diblock lamellae which reduces the interfacial
costs in the diblock copolymer lamellae. We believe that the preceding factors
together render the free energies of the perpendicularly aligned lamellae to be
lower than the corresponding parallel ones.
With the above understanding, one may enquire what happens when
the surface is made more preferential to one of the components. To address this
issue, in Figure 6.7, we display the free energy plots for the above-discussed
situation with however the composition of the grafted copolymer surface varied
from 0.5 to 0.7 (we zoom in on the confinement thicknesses corresponding to


















Figure 6.7: Free energies as a function of film thickness for a diblock copoly-
mer film in contact with a neutral random copolymer brush-covered substrate for
f = 0.5, 0.6, and0.7. Brush parameters are σR2g/C = 2.45, and λ = 0. Diblock
composition fdiblock = 0.5 Chain lengths and segment interactions are defined by
α = 1 and χN = 20.)
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selective, the free energy of the parallel alignment is seen to be lowered more
when compared to the perpendicular alignment. [138, 161] It is seen that for
f = 0.6, the perpendicular lamella is still the preferred morphology for all
thicknesses. However, for f = 0.7 it is observed that the parallel alignment
now becomes preferred for a range of thickness around its minima. Increasing
f further (not shown) is expected to render the parallel lamellae to become
the preferred phase for all thicknesses.
Much of the motivation for the present research derives from applica-
tions desiring the perpendicular alignment of the lamellar phases. Based on
the above results, it is evident that there are two questions which relate to
the stability of perpendicular phases: (i) For a given set of parameters, what
is the composition of the random copolymer at which the parallel morphology
becomes feasible? Explicitly, this quantifies the critical fcrit at which the min-
imum in the free energy curve for parallel alignment becomes lower than that
for perpendicular alignment. This quantity is of significant interest for ap-
plications since it delineates the regime for which perpendicular morphologies
are preferred independent of the thickness of the grafted layer. We quantify
this by considering ∆F = F‖,min − F⊥, where F‖,min denotes the free energy
of the minimum in the parallel alignment; (ii) For f < fcrit what is the range
of confinement thickness over which the perpendicular lamellae are expected
to be stable? For instance, in Figure 6.7, it is seen that even for f = 0.7,
the perpendicular morphology can be achieved by an appropriate choice of the
film thickness. We also present results for this thickness range (restricted to
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f ≤ 0.7) for different parameters. However, it is to be noted that such consid-
erations would hold only for confined films. For free standing films (such as
spun-cast) the system would prefer to form parallel morphologies with islands
and holes corresponding to the distinct minima in the free energy curves.
Another issue we consider in the results below pertains to the question
raised in the introduction, viz., whether the surface energies derived in our
previous article, can indeed be used to understand the stability of the per-
pendicular morphologies on grafted surfaces. We note that for a symmetric
diblock copolymer, it has been suggested that a key quantity determining the
stabilities of parallel and perpendicular alignment of lamellae is:[138, 214]
∆γ = |γAS − γBS|
where γAS and γBS denote the interfacial energies of A and B polymers with
the surface (in this case, the random copolymer brush). We address the
connections between at two levels, viz., whether the quantitative values of
∆F = F‖,min − F⊥ can actually be predicted from just the knowledge of ∆γ.
This is equivalent to addressing the issue whether the grafted copolymer sur-
face can be replaced by a hard confining surface of equivalent surface energies.
The results presented in Fig. 6.6 already points to nontrivial trends arising
from templating effects, and so it would be of interest to see whether dif-
ferent parameters impact this correspondence. A second question is whether
∆γ can be used to deduce a qualitative measure of stability of perpendicular
alignment. In other words, we ask whether there is a range of ∆γ in which
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the perpendicular morphologies are universally more stable (independent of
thickness) relative to the parallel ones. If indeed there is such a window, ex-
perimentalists can tune the surface conditions achieve the specified ∆γ and
thereby achieve perpendicular alignment of lamellar morphologies. In the fol-
lowing section we present results for ∆γ alongside the ∆F to examine if such
a relationship holds and to explore the correlations, if any, between the two
quantities. (In Section 6.2.1, we briefly explain the methodology used to de-
termine ∆γ.)
6.4.1 Effect of grafted surface properties on the neutral window
In Figure 6.8(a) we display plots of the free energy differences ∆F as
a function of f for different blockiness of the random copolymer. We observe
that with an increase in the blockiness, the free energy differences between
the parallel and the perpendicular phases increases for all values of f . This
suggests that the perpendicular phases are expected to exhibit a greater regime
of stability when the surface is grafted with blockier copolymers. The latter
is also reflected in the thickness dependence of the stabilities of parallel and
perpendicular morphologies for f = 0.5 and 0.6 depicted in Figs. 6.8(b) and
(c). The preceding results are consistent with the observations we made in
comparing the Figures 6.3(c) and 6.4(c), where it was demonstrated that the
differences in the interfacial enrichment between the parallel and perpendicular
phases becomes more pronounced with increasing blockiness. Due to such an
effect, a more blockier grafted surface is expected to exhibit larger differences
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Figure 6.8: (a)Difference in free energy between parallel and perpendicular arrange-
ment as a function of f for a diblock copolymer film in contact with a neutral ran-
dom copolymer brush-covered substrate, for different values of λ. (b)-(c) Existence
of perpendicular lamellae as a function of film thickness for a diblock copolymer film
in contact with a neutral random copolymer brush-covered substrate, for (b) λ = 0
and (c) λ = 0.9. (d) ∆F as a function of ∆γ for different values of λ. Grafting den-
sity, σR2g/C = 2.45. Diblock composition fdiblock = 0.5 Chain lengths and segment
interactions are defined by α = 1 and χN = 20)
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between the self-assembly driven surface energies of perpendicular and parallel
morphologies — which is consistent with the results of Figures 6.8(a) - (c).
In Figure 6.8(d) we display the free energy differences ∆F as a func-
tion ∆γ for the two different values of blockiness. It is evident that a unique
correlation between ∆F and ∆γ does not hold for our system. The origin of
this discrepancy can again be traced back to the above-discussed self-assembly
driven modifications of interfacial energies which are not captured in the quan-
tity ∆γ.
In Figure 6.9 we display results for the situation when the grafting
densities constitute the parameter which is varied (for a nonblocky random
polymer, λ = 0). Unfortunately, due to numerical issues, we had to restrict
our exploration in this case to only a limited set of grafting densities. Within
the range of grafting densities we probed, it is seen that the lowest grafting
density, σ = 1.22, has a broader neutral window (in the brush composition
space), whereas σR2g/C = 2.45 and σR
2
g/C = 3.67 seem to have similar charac-
teristics for the neutral window. These trends are also reflected in the thickness
dependencies of the neutral window, which are displayed in Fig. 6.9(b) - (c).
Interestingly, the changes in grafting density do not seem to have perceptible
impact upon the free energy differences of neutral surfaces (f = 0.5). In Figure
6.9 (d) we compare ∆F to the differences in surface energies ∆γ. Similar to
the effect of blockiness, we observe that there is no unique correlation between
∆F and ∆γ.
The results of Figure 6.9(a) - (c) can rationalized by going back to the
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Figure 6.9: (a)Difference in free energy between parallel and perpendicular arrange-
ment as a function of f for a diblock copolymer film in contact with a neutral random
copolymer brush-covered substrate, for different values of grafting density, σR2g/C.
(b)-(c) Existence of perpendicular lamellae as a function of film thickness for a di-
block copolymer film in contact with a neutral random copolymer brush-covered
substrate, for (b) σR2g/C = 1.22 and (c) σR
2
g/C = 2.45. (d) ∆F as a function of
∆γ for different values of σR2g/C. λ = 0. Diblock composition fdiblock = 0.5 Chain
lengths and segment interactions are defined by α = 1 and χN = 20)
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origin of the free energy differences, namely the differences between the inter-
facial enrichments observed in the parallel and perpendicular alignment of the
lamellae. We suggested that such differences were determined by an interplay
of the entropic costs of splaying the chain and the enthalpic gain achievable
by the enhanced enrichment. We speculate that beyond a certain grafting
density σ, the entropic cost of splaying would become less sensitive to σ. Con-
sequently, changing σ should have only little impact upon the differences in
interfacial enrichments between parallel and perpendicular alignments.
Lastly, in Figure 6.10(a) - (d) we display the effect of varying the pa-
rameter α, which quantifies the relative number of segments in the diblock
copolymer to that in the grafted polymer. We observe two main features in
the results: (i) For f = 0.5, the ∆F values are largest for α = 1.5 and de-
creases with decreasing α; and (ii) The window of brush compositions over
which the perpendicular phase is stable is seen to have the maximum width
for α = 0.75 and to decrease with increasing α. To rationalize (i), we note that
results presented in our earlier article have shown that larger αs in general lead
to lower widths for the interface between the diblock copolymer and the brush
layer. Such a scenario would allow for both easier and enhanced interfacial
enrichment through conformational rearrangements of the chains. The latter
is likely to enhance the differences in the self-assembly driven interfacial en-
ergies between parallel and perpendicular alignments, which is quantified by
∆F ; To rationalize (ii), we note that the results of our previous article suggest
that lower α systems are also expected to possess lower magnitudes of surface
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Figure 6.10: (a)Difference in free energy between parallel and perpendicular ar-
rangement as a function of f for a diblock copolymer film in contact with a neutral
random copolymer brush-covered substrate, for different values of α. (b)-(c) Exis-
tence of perpendicular lamellae as a function of film thickness for a diblock copoly-
mer film in contact with a neutral random copolymer brush-covered substrate, for
(b) α = 0.75 and (c) α = 1.5. (d) ∆F as a function of ∆γ for different values of
α. σR2g/C = 2.45. λ = 0. Diblock composition fdiblock = 0.5 Chain lengths and
segment interactions are defined by χN = 20)
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energies. Prior studies have shown [138, 214] that lower magnitudes of surface
energies in general correlate with regions of stability for the perpendicular
lamellae, a trend consistent with (ii).
Finally, we address whether indeed there is a universal range of ∆γ
which can facilitate perpendicular alignment of lamellar morphologies. In Fig-
ure 6.11 we depict the ∆γ for the different systems we considered and indicate
the stable morphology (based on whether ∆F is positive or negative). For the
most part, this plot indicates that higher surface energies correspond to par-
allel morphologies, and vice versa. However, this correlation is seen to fail for
more blockier grafted surfaces. Specifically, we observe a stable configuration
of parallel alignment for low magnitudes of surface energies which occur at
f = 0.3 and f = 0.7 for λ = 0.9. Based on these results, we conclude that in
general the magnitude of ∆γ alone cannot be used to predict the alignment
that will be stable in a diblock copolymer thin film.
6.5 Conclusions
In this article, we used SCFT to explore the phase behavior of a diblock
copolymer thin film on top of a random copolymer brush. At the outset, we
discussed the qualitative features of the morphologies formed in such systems.
For parallel morphologies, we showed the occurrence of “chemical templating”
in the grafted polymers, which manifests as an enrichment in the brush inter-
facial layer of the component of the diblock copolymer in contact. In the case
of perpendicular alignment of the diblock copolymer, we demonstrated that
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Figure 6.11: ∆γ as a function of f for all the parameters we studied. Squares
correspond to points where the ∆F dictates that a perpendicular morphology will
form and circles correspond to a parallel morphology.
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there is an additional possibility of physical templating which leads to lateral
inhomogeneities in the heights of the brush. Moreover, we also presented re-
sults and rationalized the existence of a more pronounced chemical templating
effect during perpendicular alignment of lamellae.
We presented results for the free energy of the system and demonstrate
that, as a function of film thickness, they exhibit trends that are consistent
with previously shown results for parallel and perpendicular morphologies on
hard surfaces. However, a key difference is a lack of degeneracy between the
perpendicular and parallel alignments. Additionally, we explore the behavior
of the neutral window and find that, in general, this window is larger for more
blocky chains and for smaller values of σ and α. We also sought to assess
whether knowledge of the surface energy between the brush and a homopoly-
mer suffices to describe the free energy differences between the parallel and
perpendicular alignments as well as their stabilities. We found a lack of corre-
lation between our results for ∆γ and ∆F , which indicates that surface energy
considerations alone cannot be used to make predictions about phase behavior
of the diblock copolymer thin film. Further, we demonstrated that it is not
possible to identify even a window of surface energy that exclusively produces
perpendicular alignment of lamellae.
More broadly, the work presented in this article demonstrates that mod-
eling the self-assembly of block copolymers necessitate a detailed treatment of
the grafted layer which goes beyond simple surface energy considerations. It
will be of interest to see whether such findings remain applicable for nonlamel-
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lar phases of block copolymers as well as other kinds of multiblock copolymers
used to create grafted surfaces.
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Chapter 7
Summary and Future Work
In this chapter, we summarize the research done in this dissertation
and provide several future directions for research on modeling water-soluable
polymers, including modeling grafted water soluble polymers, exploring the
effects of substrate and air interactions, and modeling the phase behavior of
random-diblock copolymers.
7.1 Summary of Research
In this research we have developed self-consistent field theory mod-
els, scaling models, and strong stretching theory models to describe several
systems involving polymers grafted to surfaces that have technologically rele-
vant applications. By studying the structure, interfacial widths, interparticle
potentials, and interfacial energies in the these systems, we have provided
fundamental insight into the behavior and design of these systems as a func-
tion of paramters like grafting density, chain lengths, particle sizes, curvature,
chemical interaction between dissimilar segments, and volume fractions.
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7.2 Recommendations for Future Work
The modeling work done in this dissertation has several possible exten-
sions, many of them related to the assumptions required to create the models
and to additional ingredients that could be added to the models.
7.2.1 Modeling grafted water-soluble polymers
Although in this work we assumed that our grafted polymers were sim-
ple polymers, many biological applications involve the use of water soluable
polymers such as polyethelene glycol (PEG), a polymer which has unique clus-
tering properties associated with its hydrogen bonding that affect the way it
behaves when grafted to a surface. Previous modeling work has successfully
taken these properties into account through modified Flory models such as
the n-cluster model. However, studies still need to be done on the effect of
these unique properties on the interaction potentials between polymer-grafted
surfaces, especially in the context of highly curved particles.
7.2.2 Modeling the effects of air and substrate surface interactions
for patterning applications
Our results assume that there are no substrate-diblock or air-diblock
interactions even though these are the interactions that induce the unfavorable
formation of parallel lamellae. In making this assumption, our results seek to
quantify the effects on the neutral window of the polymer-based parameters.
Lifting this assumption is necessary to model the actual system, and it would
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be interesting to explore whether, as we expect, there is a linear relationship
between the surface energies with a potential included and those we calculated.
7.2.3 Exploring the phase behavior of random-block copolymers
Recent experimental efforts have explored the use of diblock copolymers
in which one of the blocks is a random copolymer as a method of tuning the
effective interaction between the blocks (usually modeled as χ independent of
the chain length N). A melt of such chains is expected to have different phase
behavior than its diblock copolymer counterpart, in particular because of the
chain rearrangement affect that we showed exists in the random copolymers.
The tools we have developed to model random copolymers would allow us to
explore this phase diagram.
7.2.4 Exploring the phase behavior of thin films of assymetric di-
block copolymer on random copolymer brushes
While our results in Chapter 6 focused on the phase behavior of sym-
metric, lamella-forming diblock copolymers (f = 0.5), varying the composition
of the diblock copolymer is a key source of the rich phase behavior that has
been demonstrated in diblock copolymer systems. The tools we have devel-
oped would allow us to study such systems, which have the potential to form
spherical and cylindrical phases. In particular, the self-assembly of diblock
copolymers into phases cylindrical phases finds application in electronic ma-
terials applications such as memory devices.
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